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Abstract 

In this paper, we study the well-posedness of classical solutions to 
the nonlinear unsteady Prandtl equations with Robin boundary con¬ 
dition in half space in weighted Sobolev spaces. We firstly investigate 
the monotonic shear flow with Robin boundary condition and the 
linearized Prandtl-type equations with Robin boundary condition in 
weighted Sobolev spaces. Due to the degeneracy of the Prandtl equa¬ 
tions and the loss of regularity, we apply the Nash-Moser-Hdrmander 
iteration scheme to prove the existence of classical solutions to the 
nonlinear Prandtl equations with Robin boundary condition when 
the initial data is a small perturbation of a monotonic shear flow 
satisfying Robin boundary condition. The uniqueness and stabil¬ 
ity are also proved in the weighted Sobolev spaces. The nonlinear 
Prandtl equations with Robin boundary arise in the inviscid limit of 
incompressible Navier-Stokes equations with Navier-slip boundary 
condition for which the slip length is square root of viscosity. Our 
results are also valid for the Dirichlet boundary case. 

Keywords: Prandtl equations with Robin boundary condition, well- 
posedness in weighted Sobolev space, linearized Prandtl-type equations, 
Nash-Moser-Hdrmander iteration, monotonic shear flow, loss of regularity 


Contents 


1 Introduction 0 

2 Well-Posedness of Shear Flow with Robin Boundary Condition @ 


3 Well-posedness of the Linearized Prandtl-type Equations with Robin 
Boundary Condition 

3.1 Case I: Zero Data, Nonzero Force. 

3.2 Case II: Zero Force, Nonzero Data. 


16 

2g 


*E-mail: michael8723@gmaiLcom; fuzhou.wu@yahoo.com; wufzl2@mails.tsinghua.edu.cn 


1 








4 Iteration Scheme for the Nonlinear Prandtl Equations with Robin 
Boundary Condition 

4.1 Establishment of the Nash-Moser-Hdrmander Iteration Scheme . 

4.2 Construction of the Zero-th Order Approximate Solutions Satis¬ 
fying Robin Boundary Condition. 

5 Existence of Classical Solutions to the Nonlinear Prandtl Equations 
with Robin Boundary Condition 

5.1 Estimates of the Variables and Quantities for the Iteration .... 

5.2 Convergence of the Nash-Moser-Hdrmander Iteration. 

5.3 The Derivatives on the Boundary. 

6 Uniqueness and Stability of Classical Solutions to the Nonlinear Prandtl 
Equations with Robin Boundary Condition 

References 

1 Introduction 

In this paper, we establish the well-posedness of classical solutions to the 
nonlinear unsteady Prandtl equations with Robin boundary condition in half 
space: 

Ut + UUx + VUy +Px = Uyy, {x, ?/) £ R+, t > 0, 

Ux +Vy = 0, 

< {'^y P'^')\y —0 — O5 0 — O5 (^■^) 

lim u = U{t,x), 

y—>-+oo 

^ u\t=o = uo{x,y), 

where u, v denote the tangential and normal velocities of the boundary layer, 
with y being the scaled normal variable to the boundary, the parameter /3 > 0. 
U, p denote the values on the boundary of the tangential velocity and pressure 
of the Euler flow which satisfies the Bernoulli’s law: 


li 

[H 


Ip 

£ 

59 


61 


[H 


Ut + UU^+p^ = 0 . ( 1 . 2 ) 

The nonlinear Prandtl equations with Robin boundary condition are pro¬ 
posed in which studied the asymptotic behavior of the solutions to incom¬ 
pressible Navier-Stokes equations with Navier-slip boundary condition in which 
the slip length depends on the viscosity: 

Ut + uux + VUy +Px = eAu, 

Vt + uvx + vvy +Py = eAv, 

< Ux + Vy = 0 , ( 1 . 3 ) 

{e'^Uy - I3u)\y^0 = 0, u|^=o = 0, 

. {u,v)\t=o = {uo,vo){x,y). 
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When 7 > ^ (super-critical), the leading boundary layer profile satisfies the 
Prandtl equations with Dirichlet boundary condition. When 7 = ^ (critical), 
the leading boundary layer profile satisfies the Prandtl equations with Robin 
boundary condition (HD). When 7 < 5 (sub-critical), the leading boundary 
layer profile appears in the 0(e^“^'’') order terms of the solutions and satisfies 
the linearized Prandtl equations. 

For {uy — /3u)\y^o = 0, 0 < /3 < -boo corresponds to Robin bound¬ 
ary condition. /3 = -boo corresponds to Dirichlet boundary condition, since 
{u — ^Uy)\y=o = 0. While /3 = 0 corresponds to Neumann boundary condi¬ 
tion. To our best knowledge, the Prandtl equations with Neumann boundary 
condition have no physical background, and their well-posedness is unknown in 
mathematical viewpoint. In this paper, the parameter /3 —>■ 0-b is not allowed. 

For the nonlinear Prandtl equations, the known results are mainly about 
the Dirichlet boundary case, where the solutions vanish on the boundary, namely 
u\y=o = v\y=o = 0, we survey there some results: 

After L. Prandtl (see [15]) proposed the Prandtl equations with Dirich¬ 
let boundary condition, their well-posedness theories attract much attention. 
Under Oleinik’s monotonicity assumption Uy > 0, the Prandtl equations with 
Dirichlet boundary condition can be reduced to a single quasilinear equation 
of Uy via Crocco transformation, then O. A. Oleinik and V. N. Samokhin (see 
m proved the local in time well-posedness. Under Oleinik’s monotonicity 
assumption Uy > 0 and favorable pressure condition Px ^ 0, Xin and Zhang 
(see [23]) proved the global existence of BV weak solutions via splitting vis¬ 
cosity method and Crocco transformation. When the initial data is a small 
perturbation of a monotonic shear flow and Oleinik’s monotonicity assumption 
is satisfied, by using the energy method and Nash-Moser-Hdrmander iteration, 
Alexander, Wang, Xu and Yang (see [I]) proved the well-posedness of the 2D 
Prandtl equations, Liu, Wang and Yang (see [13]) proved the well-posedness of 
the 3D Prandtl equations under constraints on its flow structure. This frame¬ 
work was also used to treat 2D compressible flow, see [35]. Under Oleinik’s 
monotonicity assumption, N. Masmoudi and T. K. Wong (see m) proved local 
existence and uniqueness for 2D Prandtl equations in weighted Sobolev spaces 
via uniform regularity approach. 

When Oleinik’s monotonicity assumption is violated, E and Engquist (see 
0) proved the unsteady Prandtl equations do not have global strong solutions, 
namely, local solutions either do not exist or blow up; Grenier (see [5]), Hong 
and Hunter (see [lOj l proved the nonlinear instability of the unsteady Prandtl 
equations; [312119] proved ill-posedness of Prandtl equations in Sobolev spaces 
for some data or in some weak sense. 

Additionally, as to the nonlinear steady Prandtl equations with Dirichlet 
boundary condition, O. A. Oleinik (see |16] 1 used von Mise transformation to 
prove strong solutions are global in space for favorable pressure Px < 0. While 
for adverse pressure Px > 0, boundary layer separation may happen (see [3])- 

Without Oleinik’s monotonicity assumption, the data and solutions are 
required to be in the analytic or Gevrey classes. For the data that are analytic 
in both X and y variables, the abstract Gauchy-Kowalewski theorem (see [19]) 
can be applied, then the local existence of analytic solutions is proved in EOliii] 
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for the Dirichlet boundary case. For the data that are analytic in x variable and 
have Sobolev regularity in y variable, the existence is proved in mm by using 
the energy method. For the data that belong to the Gevrey class | in a; variable, 
D. Gerard-Varet and N. Masmoudi (see 0 ) proved local well-posedness. As to 
the Gevrey class regularity, see [12]. 

For the Prandtl equations with Robin boundary condition (HI), the only 
result in the present is in the analytic setting and for the analytic data, the local 
existence of analytic solutions is proved in [3] by using the abstract Gauchy- 
Kowalewski theorem. 

While the well-posedness of the Prandtl equations with Robin boundary 
condition dH) in Sobolev spaces has been widely open for some years. There 
are two main difficulties, one is the degeneracy in x variable of the Prandtl 
equations, the other is the estimates of the solutions and their tangential deriva¬ 
tives, normal derivatives on the boundary. In this paper, we establish the 
well-posedness of (HD in weighted Sobolev spaces, our approach is to apply 
the weighted energy estimate method and the Nash-Moser-Hdrmander itera¬ 
tion scheme, since Crocco transformation is useless for the Prandtl equations 
with Robin boundary condition. Our initial data is required to be a small per¬ 
turbation of the monotonic shear flow (m®, 0), where u® satisfies the following 
monotonic conditions: 

u®>0, P-^>Ss>0, Vj/e [0,+oo), Vt e [0,T]. (1.4) 

Without the smallness of the perturbation around the monotonic shear flow, Ux 
or V will blow up in the interior of the boundary layer in general. 

Letting w = Uy — f3u, the Prandtl system (11.11) can be transformed into 
a new degenerate system of w with Dirichlet boundary condition rc|y=o = 0- 
However, the attempt to establish the well-posedness of this new system of w 
will fail, because the weighted energy estimates never close. Therefore, we will 
study the Prandtl system hd without using this variable w = Uy — I3u. 

In order to prove the existence of classical solutions to the Prandtl system 
(HD and overcome the two main difficulties mentioned above, we use the Nash- 
Moser-Hdrmander iteration scheme, while in its iteration process, we need the 
weighted a priori estimates and well-posedness of the linearized Prandtl-type 
equations with Robin boundary condition, zero data and nonzero force, see the 
equations (HD- 

In order to prove the uniqueness and stability of classical solutions to 
the Prandtl system (HD, we need the weighted a priori estimates and well- 
posedness of the linearized Prandtl-type equations with Robin boundary condi¬ 
tion, nonzero data and zero force, see the equations (13.611) . 

Thus, the investigation of the well-posedness of the linearized Prandtl-type 
equations with Robin boundary condition is an important part of this paper. 
We need to transform the linearized Prandtl-type equations with Robin bound¬ 
ary condition into the appropriate equations with the appropriate boundary 
conditions, see the equations (13.61) . 1|3.62|) respectively, such that the weighted 
energy estimates can proceed. By coupling the estimates in the interior and the 
estimates on the boundary, we are able to get the wanted a priori estimates. 

Additionally, some mollified variables and mollified quantities arise in the 
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Nash-Moser-Hormander iteration scheme. In order to make some mollified vari¬ 
ables keep some properties, we introduce special extension operators i?“, S'" 
and special smoothing operators Sg, Sg, except for the usual operators E, Sg. 
However, Sg, Sg do not lose regularity. 

In the Nash-Moser-Hdrmander iteration process, the variables and mollified 
quantities are bounded by the powers of Based on the estimates for these 
variables and mollified quantities, we can prove the convergence of the Nash- 
Moser-Hdrmander iteration, which implies the existence of classical solutions to 
the nonlinear Prandtl equations with Robin boundary condition. 

To start the Nash-Moser-Hdrmander iteration process, it needs the zero-th 
order approximate solution which satisfies Robin boundary condition. By using 
time derivatives and the induction method, we are able to construct the zero-th 
order approximate solution from the initial data which satisfy Robin boundary 
condition. 

For simplicity, we consider the uniform Euler flow U = 1, which implies p 
is a constant, by the Bernoulli’s law. However, the following IBVP keeps the 
two main difficulties mentioned above. 

Ut + UUx + VUy = Uyy, (x, J/) G , t > 0, 

Ux +Vy = 0, 

< (Uy -/3u)\y^o = 0, u|y = o=0, (1.5) 

lim u = 1, 

y—>-+oc 

u\t=o = uo(x,y). 


In this paper, the time derivatives of initial data Uq can be expressed in 
terms of the space derivatives of Uq by solving the heat equation, the time 
derivatives of initial data uq can be expressed in terms of the space derivatives 
of Uq, vq by solving the Prandtl equations, the time derivatives of uq = uq — Ug 
can be expressed in terms of the space derivatives of uo,Uq (see (|4.20ll i 1. Now 
we dehne the following functional spaces: 




0<ki + [^^]<k 


“IIl2([o,T]xR2 ) I > 


f“IU,HnT) - 


y=0 IL'‘([ 0 , T]x9n) “ [ E ll'^(T,a;)“ly=ollL2^([0,T]xR) 


0<ki + l^^]<k 


:/=o.*=*i|L''(9n,t=ti) “ [ E 11^(7,rc)“ly=o,t=tiII l2( 




E lie < y ^(M)^>lli 2 ([ 0 ,T]xRi) j ’ 


0<m<fei,0<q'<fe2 


( 1 . 6 ) 
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llullgfci.fea (Q) 

= ( E 

lie- 



\ 0<m</ci,0<g</c2 


1^ lc*^(nT) 

E 

II < y y 





k ll>f (Qt) ~ 

E 

II < y y 



0<ki + [l^2^]<k 



([O.T];L2 


_1 

2 


where = ]R^,r2T = [0,T] x ]R^,9ri = {(x,0)|x S R}, < y >= + \y\^, 

0 < T < + 00 , £ > A > 0 and k,ki,k 2 are non-negative integers. The 
homogeneous norms || • \\^k, || • ||^fc, || • W^k, || • \\f,k correspond to the summation 

1 <ki + < fc in the definitions. ||/||lP(r^) = || < ?/ >^ /IIlp(r^). where 

1 < P < -too. 


Noting the sense of the time derivatives of initial data for the Prandtl 
equations and the heat equation, we state the main results of this paper as 
follows: 


Theorem 1.1. Concerning the nonlinear unsteady Prandtl equations with Robin 
boundary condition (USD, giving any integer k > 5 and real number £ > A, we 
have the following existence, uniqueness and stability results. 

(1). For any 5p > t), 5p < j3 < -too, assume the initial data uo{x,y) = 
'“o(y) + uo{x,y) satisfies the following two conditions: 

(i) Uq satisfies 


uo{y)>0, dyuf){y)>0, P - > Ss,o > 0, Vye[0,-too), 

9y^i9yuf,{y) - /3Mg(2/))|y=o =0, VO < j < 2A; -t 10, 

liin ug(j/) = 1, 

y—>-+oo 


11^0 ~ + l^oloo + ||Uollc^''+“ + II dyu‘ llcj2fc+io < C, 


(1.7) 


for a fixed constant C > 0. 

(ii) There exists a small constant e > 0 such that ug = uq — Uq satisfies 


d^^{dyUoix,y) - Puo{x,y))\y=o = 0, VO < j < 2fc-t 8, 

< = 0, (i.g) 

^ ||uo||^2fc+9(]g^^j^pj -t II a^lUf+®(R^,t=o) - 


Then there exists T S (0,-too), such that the Prandtl system (11.51) admits 
a unique classical solution {u,v) satisfying 

u>0, dyu>0, P- ^ >S>0, (1.9) 


6 










and 


dyiu-un, e4([o,r] xR^), 

dyV, dyyV S A\~^{[Q,T] X R^), 


u-u^ G A'l{[0,T] X R^), 
z;GP 5”'([0,7^] xR^), 


d^uly^o - dlu%=o G A^-^^\[0,T] x R), 0 < j < 2k, 


dl+^v\y=o G T] X R), 0<j<2k- 2. 

( 1 . 10 ) 

(2). For any 5p > 0, 5p < j3 < +c», the classical solution to (11.51) is stable 
with respect to the initial data in the following sense: for any given two initial 
data 

+ ul=uf)+ul, 

if Uq satisfies (II 3 and Uq,Uq satisfy (HI), then for all p < k — 2, the corre¬ 
sponding solutions {u^,v^) and {u'^,v'^) of the Prandtl system dElD satisfy 


- '«^IUj([O.T]xR^) + ^ IUj([0,T]xR^) 

2p 


+ '*^^l|-E>g“^([0,T]xR^) + S ||'9y“^ly=0 diu‘^\y=o\\ 


<C(T,e,u?,) (9v(/rTVrV) 

- V ) : O; y\Op{ul-\-ul)^ 


3=0 


.4f (R2 t=0) 


([o,r]xiE 


C(T,e,u 


max {,/p^,Vs} 


^y^o^)\y^o 


.4P(R,t=0) 


( 1 . 11 ) 

(3). As P ^ + 00 , diu^\y=o = 0(j), 0 < j < k, ||w|y=o - w®|y=o||^fc = 
and {u,v) satisfies (11.1011 uniformly. When (3 = +cx3, {u,v) satisfies 
(11.1011 and for p < k — 2, 


- '“^IUp([0,T]xR^) + ^ IUp([0,T]xR^) + - '*^^lll5g-i([0,T] 

2p 

E 

3=0 


cR^) 


+ E \\diu^\v = 0 — dlu^\y = Q\\ , <C dy( „ ’)°1 “°2, ) 

^ w y \y ^ y \y _ V\dy(ul+ul)l 


.4f(R^.t=0) 

( 1 . 12 ) 


Next, we give some remarks on the results in Theorem ll.il 

Remark 1.2. (i). Though the Robin boundary condition is nontrivial, the 
Robin boundary case loses the same k + 9 orders of regularity as the Dirichlet 
boundary case. T depends on e and whether the monotonicity conditions (HH) 
are violated. If we only consider the Prandtl system dH in a sufficiently short 
time interval, B — 1'”"° > o (11.711 can be confined on the boundary, and 

OyUQ ’ 

then j5 —> S in (11.91) is satisfied on the boundary. 

(ii). In the t,x-directions, the regularities and stability results can not be 
improved. In the y-direction, the solutions have lower regularities on the bound¬ 
ary than in the interior. When (3 < +oo, due to the Robin boundary condition, 
dyu\y=o — G A^([0,T] X R) and ||i9yM|y=o “ 9yU^\y=o\\^y is stable. 
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(Hi). When (3 —>■ +oo, m implies Oleinik’s monotonicity assumption. 
(HH) and dEll) do not allow /3 —>■ 0+, otherwise Uy < I3u\y=e>ef'^ —>■ 0, but 

Uy > 0. In US, e is small such that (3 — ^§^^\y=o > S > 0, no degeneracy 
arises on the boundary, which is necessary to get the stability results (11.111) . 

(iv). If (3 ^ + 00 , (11.121) does not hold. (11.121) implies the uniqueness 
and stability of solutions in the Dirichlet boundary case. When (3 = +c», the 
compatibility conditions for the initial data become dy^u^y^^i =0, 0 < j < 
2k + 10 and dy^uo\y=o = 0, 0 < j < 2fc + 8 for the Dirichlet boundary case. 

We introduce the generic constants and notations used in this paper: 

C: the generic positive constant which may be different line by line. 

OO 

Ci'. the positive constant which depends on f < y dy, where i> \. 

0 

Cq. the positive constant which depends on the cut-off function q. 

Cs'. the positive constant relating to the shear flow (u®, 0). 

Cy'. the positive constant which bounds Iryloo- 

Ck- the generic positive constant which appears in the fc-th step of the Nash- 
Moser-Hdrmander iteration, is independent of the index k and may be 
different line by line. 

f ^ 9- there exists a constant C > 0 such that / < Cg. 

The rest of the paper is organized as follows: In Section 2, we investi¬ 
gate the shear flow with Robin boundary condition. In Section 3, we study 
the well-posedness of the linearized Prandtl equations with Robin boundary 
condition. In Section 4, we construct the approximate solutions to the non¬ 
linear Prandtl equations with Robin boundary condition via the Nash-Moser- 
Hdrmander iteration scheme. In Section 5, we prove the convergence of the 
Nash-Moser-Hdrmander iteration and obtain the existence of classical solutions 
to the Prandtl equations with Robin boundary condition. In Section 6, we prove 
the uniqueness and stability of classical solutions to the Prandtl equations with 
Robin boundary condition. 


2 Well-Posedness of Shear Flow with Robin Bound¬ 
ary Condition 

In this section, we investigate the shear flow with Robin boundary condi¬ 
tion where the tangential velocity is monotonic in the normal variable. The 
tangential velocity of the shear flow satisfies heat equation with Robin bound¬ 
ary condition. Let (u®(t, y),0) be the shear flow of the Prandtl equations with 
Robin boundary condition (11.51) . then satisfies the following IB VP: 

< = u^y, y>0, t>0, 

(u® - /3u®)|y=o = 0, 

< 

lim u® = 1, 

y-S'+oo 

_ U®|i=0 = Mg(j/)- 
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( 2 . 1 ) 










Noting the sense of the time derivatives of initial data for the heat equation, 
we state the following theorem for (EH): 

Theorem 2 . 1 . Assume for any fc>3, 0 < < fi < +oo, I > ^, the initial 

data Ug( 2 /) satisfies 

(i) the monotonicity conditions: 

ug(y)>0, dyu^o{y)>0, /3 - > 0, yye[0,+oo). (2.2) 

(ii) the compatibility conditions: 

liin ug(j/) = 1, =0, V 0 < j < fc - 1. ( 2 . 3 ) 


duu 'Id'Cl 


-ik — l ^ 


(2.4) 


(Hi) the boundedness condition: 

||ug-l|U. + ||ug||cj + 
for some constant C > 0. 

Then for any fixed T € (0, + 00 ), the problem (12.11) admits a unique classical 
solution M® satisfying the monotonicity: 


u®>0, dyU^>0, Vy G [0,+oo), t G [0,r], 

y 

u®|y=o>0, 5yU®|y=o>0, (9yU® -/3u®)|y=o = 0, VtG[0,r], 

and the estimates: 

||u® - 1 ||l 2 + ||u®||cfc+/3 E |^tw1y=oL+ E \9idyu'^\y=oL 


(2.5) 


j=o 


j=0 


I dvv ^ 


'=- + ll%^IU- + II^IU-2+ E |5. 


I dwt 


k-2 


dyU^ lie, 


dyU^ I'Cn 


dyU^ I I Co 


m—0 


jm 9yyU^ I I 

t dyU^ l 2 / = 0 | 


+ E |ar%?I.. 0 L + E 

m—0 m—0 

for some constant C{T) > 0. 


t dyU^ 'y 


=ol <c(r), vtG[o,r], 


( 2 . 6 ) 


Moreover, if dyyU^ < 0, then dyyu‘^ <0. If ft —> (5s, 0 > 0, then 

dyy U 


dyU^ - 


> (5s > 0 . 


Proof. We prove (12.51) first. Let w^{t, y) = Uy{t, y) — (3u^{t, y), then satisfies 
the following equations: 


wl = wly, t>0, y>0, 
ui^L=o = 0 , lim = — ft, 

y—>+00 

■ia^|i=o = wliy) := dyU'^iy) - /3'ug(y). 


The solution of EH can be written as 




2\/tR. 


/ _ (y-y)^ _ (y+y)^ 

e 4f — e 4t 


-l-CXJ / 

/ (' 

n 


)wo(y) dy 


(2.7) 


< 0 , 


( 2 . 8 ) 
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where wJ(j/) < 0 comes from Wq|j/=o = 0 and /3 — > 0. 

Integrate {ue~^y)y = w^e~^y and note that lim = 0, then the 

explicit solution of (EH) is written as 


y—>-+oo 




+ 00 


= 27rt J ^ J « -e 4t wi(y)dpdp. 
+00 0 ^ ^ 


(2.9) 


Since —/3 < Wq (y) < 0, it is easy to check that the integral in (12.91) converges 
for any t S (0,T] after replacing into a new variable, liinM®(t,y) = ug(y) 


t —>^0 


due to lirnr(;^(t,y) = wl{y), then u® S L°“([0,T] x K+). Thus, the existence 
and uniqueness of the solutions to (EH) are obtained. 

Note that 


. (y — y) 


_ (y+y) vj r\ 

it _ e it >0, Vy > 0, 


. (y — y) 


_ (y+y) 

4‘ — e 4t =0, y = 0. 

Then it follows from (12.8|) that 

( = dyU^ — /3m® <0, Vy > 0, 

\ (c3yM® -/3 m®)|j^=o = 0. 

Note that (|2.10l) and wo{y) <0, Vy > 0, it follows from (12.91) that 


( 2 . 10 ) 


( 2 . 11 ) 


+ 00 


-/3y 


+00 - 

S 

n \ 


(y-y) (y+y) \ i/~\ i~ i .. 

e 4t — e 4t JiLjQ^y) dy dy > U, 


M®(t,y) = 


2y/Trt 


' / e- 0 « / ( 

+00 0 ^ 


. (y-y)‘^ 


e ‘“if’ ^■u;i)(y)dydy > 0. 


then clyM®|y=o =/3M®|y=o > 0) 1™ m®|j^=o = 0 . 

/3—>-+oo 


In order to obtain the monotonicity of dyW^, we transform (1^ into 

/ +00 +00 v 

= ^[ f e-^^w^(2Vi^ + y)d^- f e-^''w^(2Vi^-y)d^y (2.12) 


2Vt 


Apply dy to (12.121) and note that dyWg < 0, we get dyW^{t) < 0, Vy € 
[0, + 00 ), due to 

dyW^ = f e-^ dywl(2Vt^ + y)d^+ J e-^ dywl{2Vi^-y)d^y 


' 2^/t 


2v7 


Apply dy to ()2.9|) . we get 


o y +00 / 

+00 n ^ 


+00 

/ 

0 


. (y-y)"^ 


(2.13) 

e--^Tr^^u;i(y)dydy (2.14) 
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+ 




— e 


‘” 4 ?’ 'jwl{y)dy 


= (ie^y J e ^^w^(t,y) dy + w^(t,y). 

+ 00 


Denote H{t,y) := e ^ydyu‘^{t,y) = j3 J e y) dy + e ^'^w^{t,y). 

+CXO 

Since H{t,+oo) = 0 and dyH{t,y) = e~^^dy'w^ < 0, we get H{t,y) >0, Vy € 
[0,+oo). Thus, dyu‘^{t,y) >0, Vy S [0,+ 00 ). 

Apply dy to = dyU^ — f3u^, we get 

dyyu‘^{t,y) - l3dyU%t,y) = dyW^{t,y) < 0. (2-15) 


Therefore, u® > 0, dyu'^ > 0, /3 — > 0, Vy G [0, + 00 ) is proved. 

(i9yU® — Pu^)\y^o = 0 is proved. 

Next, we prove the a priori estimates (12.61) . 

When 1 < j < A:, apply to (|2.1ll i . and multiply with < y d{u, 
then integrate in [0,t] x K_|., we get 

00 t 00 

J |e-^' <y>^ dlu^\^dy + 2Xj < y d^^u^\‘^dydi 

0 00 

t 00 

+2f f |e-^‘ <y>^ d^tdyu^l^dydi 
0 0 

00 t 00 

= fl<y>^ d^uSl^dy-4£ffe-^^^y < y dlu^dldyU^ dy di 

0 00 

-2/ e~‘^^^dlu^\y^QdldyU^\y^odi 
0 

00 t 00 

= / I < 2 / dy-4£ff < y dlu^dldyu’^ dy dt 

0 0 0 

-2/3 J \ e~^*diu^\y^o\^ dl 

(2.16) 

Thus, take A > 0 to be large enough and note that T < + 00 , we have 

00 t 00 

/I <y>^ diu^\^dy^Xj j\ <y>^ diu^\^dydi 
0 00 

t 00 t 

+ / / I < y dtdyU^l^^ dydi +2/3/ \diu^\y^o\ di (2.17) 

0 0 0 

oo 

< C{XT) / I < y S^spdy < C(Ar)||u5||c. < C(T), 1 < j < k. 

0 ^ 
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Since dldyu’’\y=o = f dyyu’’{t, y) dy = f y) dy, then 

+ 00 +00 

+ 00 +00 

\di9yU%=oL< sup / \di+\^\dy<Ci{ sup / < y dy)- 

0 <t<T 0 0 <t<T 0 


< 


(fl<y>^ dy) 5 < C(T), 0<j<k-l, 


0 


t 0 


/ \didyU^\y^o\ di <f f dy df < Q / f j < y dy df 


t +00 

/ / 

0 +00 0 0 
oo 

<C,fl<y>^ dy < C(T), 0<j<k-l. 

0 


(2.18) 


For any t € [0, T\, we have the L? estimate for (1 — M®)t = (1 — u’^)yy '■ 


+ 00 

/ 

0 


Still - = / (1 - u%y{l - m") dy 


+00 


= dyU^\y=o{l-u‘^\y=o)- f |^ dy 


(2.19) 


+ 00 


<-^\u'^\y=o\ - f \ul\'^ dy + dyU%^Q , 
0 

then by f|2.18p . we get 

t +00 t 

l|li 2 (R+)+ 2 / / |MyPdydt + 2/3/|M"|y=o| dt 

0 0 0 

^ ll'^^o ~ 1 |Il2(r+) + 2/ |SyM®|y=o| dt < C{T). 

0 

Denote = dyU^, then satisfies the following equation: 

dtiu"^ = dyyW^, y > 0, t > 0, 

(dtw'^ — Pdyw'^)\y=o = 0 , lim w'^ = 0 , 


( 2 . 20 ) 


y—t+oo 


( 2 . 21 ) 


w2|t=o = 'wg(y) := dyuftiy). 


When 0 < j < k — 1, apply d{ to (l2.21D i . and multiply with e < y 
dfu)"^, then integrate in [ 0 ,t] x R+, we get 

OO i OO _ 

/ < y dy + 2A / / < y dy dt 

0 0 0 


+ 2 / / |e < y d{dyw‘^\'^ dydi 


0 0 


= / I < y S( WqP dy — 4£ J J e ^^‘y < y ^ diw'^d{dyw‘^ dydi 


( 2 . 22 ) 


0 0 


-2/e ‘^^*diw‘^\y=Qdldyw‘^\y=odi 
0 
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CXJ _ t CXJ 

= f \ < y dy — Mj f e~‘^^^y < y >^^“2 d{w^d{dyw‘^ dydi 

0 0 0 

“t/ |e”^‘'9>^ly=o|^df- j\diw^\y^of. 

0 

Thus, take A > 0 to be large enough and note that T < Too, we have 

J\<y>^ diwrdy+fJ\dlw%=o\"di+j\diw%^o\l 

0 0 

t oo t oo 

+A f f I < y d^w^l‘^ dydi + f f I < y d{dyw‘^\‘^ dydi 

0 0 0 0 

• , • ,o 

< C{\T) J\ <y>^ + C(Ar)i|9>g|y=oL 

0 

oo . . ^ 

= C{\T) f\<y>^ a>2|2 dy + C'(AT)|a^g|,=o|L, 

0 

0 

Since d^u^ly^o = f d^dyU^lt, y) dy, then for 0 < j < A: — 1, 


+00 
+ 00 


< / \didyU^o\dy<C,{ f <y>^^ld^dyU^,l^dy)- 
0 0 


|5tWgly=0 
Then for 0 < j < fc — 1, 

oo i . 9_- 

f I <y>^d^ dyU^I^ dy + ^fjd^ dyU^jy^o | di + ^\ dl dyU%=o 
0 0 

oo 

< C{\T) / I < y y didyul\^dy < C(AT)||wg||c.+i < C{T). 


(2.23) 


(2.24) 


(2.25) 


0 

Since 9/u^|y=o = / i9/9yM®(i, y) dy, then 
+ 00 


+00 +00 1 
\diu^\y^o\ < sup / \didyu-^\dy <Ce{ sup / < y Id^dyU^l"^ dijy 

0 <t<T 0 0 <t<T 0 

<C(AT)|K||c.+i <C(T), 0<j<fc-l. 

(2.26) 

Thus, \\u‘-11112+ \\u^\\lk+13 T, / |5tw1y=of d?+ X; I\9idyU^\y=of di 

° j =0 0 j =0 0 

+ E \9iu^\y=o\l^+ \didyU^\y=o\l^<\\u^Q-l\\l2+C{T)\\u^Q\\l^<C{T). 

3=0 j =0 


Define the following variables: 


a{t,y) := 


Hyyb.y) 
“yb.y) ’ 


ai{t,y) := 




a2{t,y) := 


<yt(.t,y) 


(2.27) 


13 



Then a{t, y) satisfies the following semilinear system: 


dta = dyya + dy{a^), ?/ > 0, t > 0, 

dya + = /3a, y = 0, 

ah n - a°(y) — 
a|t=o - a [y) g^^s^y) ■ 

ai{t,y) satisfies the following linear system: 

dtai = dyyai + 2adyai, y > 0, t > 0, 
dyai = ^dtai, y = 0, 

., 0 ('„O_'_ 

dyu^(y) 


ailt=o = a°(y) ■= ^yyy^ 


(2.28) 


(2.29) 


For the systems (12.281) and (12.291) . it is easy to get the following estimates 
when A > 0 is large enough: 

fc—1 oo k—1 T oo 

f < y dy + f f < y |e“'^*5f^clyap dydt 

fci=0 0 fci=0 0 0 

^^ OO /c 1 

+A E / /<y>^Ee-"*5f^apdydt + 2/3 E / |e-"*5f^a|,=o|'dt 

fci=00 0 fci=00 

fc—1 oo 

< E / <y>^E5f^«°Pdy<||a°||2,_, <C(r), 

fci=0 0 ^ 


fc—2 oo 


fe -2 


E / <y>2Ee-"*af^ai|2dy+i E |e-"‘af^ai|,=o| 

ki—0 0 fci=0 

^ 2 oo fc 2 

< E /<y>^E9f^a?pdy+i E |af^a?|,=o|' 

fci =0 0 fci =0 

^_2 (T oo 

+ E / / < y |e“^*9f^ap dy dt 


fci =00 0 


fe -2 


<ll«?ll^.-.+ E \d^^a\=,Y + C{T) 

fci=0 

fc—2 oo 

< \\a°\\%-. +C, E f<y>^' dy + C(T) < C(T), 

fei=0 0 

(2.30) 

where dta° = dyya^ + 2a°dya°, dta^ = dyya^ + 2a°9ya° and are 

defined by the induction method, a and ai have the relationship: 9f^ai|y=o = 

Pdf^a\y=o, ai = dya + a^, cl^ai = dyyU + 2adya. 

Fix A > 0 and note that T < +oo, then we have 


fc—1 OO 

E J <y>^Edt^a\^dy<C{T), 

fci=0 0 


fc—2 oo 

E / <y>^E5f^aipdy<C(T). 

fei=0 0 


(2.31) 
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Based on (|2.31l) and dya = oi — we get 


^_ 2 CXD 

E J <y>^^\dt^dya\^dy<C{T). 

ki—0 0 


(2.32) 


By using the induction method and dyya = at — 2adya, we get 


l«llcE^ = ll^llc^- < CiW^Wc^-^ = CeMc^-1 < CiT). 


(2.33) 


Since ai = dya + o?■, it is easy to have 

ll«illcJ- = IlS'llcJ- < CiW^lU-^ < C\\a\U-^ < CiT). (2.34) 


Since 02 = dyCti + aai = dyya + dadytt + it is easy to have 


|a2|lc-2 = ll^llc^- < CiW^Wc^-^ < C\\a\\^.-. < CiT). 


(2.35) 


On the boundary {y = 0}, 


fc -2 


E ^ra|y=oL < \\dya\\ck-2 < \\a\\^k-i < CiT), 


m—0 

fc -2 


E \drai\v=o\^ < \\dyai\\ck-2 < \\a\\ck-i < CiT), 


m—0 
fc—3 


E |5r«2|y=o|^ < ||5yQ!2|lcfc-3 < IhllcE^ - ^(^)- 

m=0 * ^ 


(2.36) 


Finally, we prove the last part of Theorem 12.11 If dyyU^ < 0, we have 
dyyu’^ < 0 because = dyyU^ satisfies the heat equation with Robin boundary 
condition: 

dtw^ = dyyW^, y > 0 , t > 0 , 

idyW^ — /3w^)\y=o = 0, lim = 0, 

i/->-+oo 

W |i —0 — ^yy^O' 

The proof of < 0 is similar to the proof of < 0. 

P - > <^s.o > P, i-e., dyyul < 0, then dyyU^' < 0, so /3 - > /3. 

Otherwise, 0 < < P, a^ < P — 6s, q. Apply the maximum principle to the 

equation (I2.28|l . we get max{a} < max{a°,a|y=o}- 

We investigate dya\y=o = Q!|y=o(/3 ~ Q^ly=o) where (/3 — Q!|y=o) > 0. If 
Q:|y=o,t=ti > 0, then a never reach its maximum at (t,y) = (ti,0). Thus, 
a < max{max{a°}, a|{j,^o,c((t,o)<o}} ^ max{max{a°}, 0}. Equivalently, /3— 
a > min{/3,(5s,o} > min{(5/3, (5s,o} > 0. 

Let 6a = min{i5/3, <5s,o}- Thus, the last part of Theorem 12.II is proved. □ 
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3 Well-posedness of the Linearized Prandtl-type 
Equations with Robin Boundary Condition 

In this section, we investigate the well-posedness of the linearized Prandtl- 
type equations with Robin boundary condition in the weighted Sobolev spaces. 
There are two cases: Case I is zero data and nonzero force, Case II is zero force 
and nonzero data. 


3.1 Case I: Zero Data, Nonzero Force 


Let {u, v) be a smooth background state satisfying 

' ft > 0, Uy > 0, P - ^ > S > 0, Vy e [0,-l-oo), 

Ux +Vy = 0, 

~l n 

v\v=0 = 0, 

lim u(t, X, y) = I, 

y->-+oo 

where {uy — pu)\y=o = 0 is unnecessary to be satisfied and will not be used here. 

We consider the following linearized Prandtl-type equations with Robin 
boundary condition around the background state {u,v), with zero data and 
nonzero force: 

' Ut + UUx + VUy + UUx + VUy — Uyy = /, 

< {Uy - Pu)\y = 0 = 0, U|y = 0 = 0, (3.2) 

lim u{t, X, y) = 0, 

y^+OD 
. = 0 . 


In order to eliminate v in dUDi, we define the following variables: 




C = 


{dt-\-ud:i,+vdy—dyy)uy 


— '^yy f — _f_ 

Un. I Un. ’ 


C2 = 


{Uyyt U 


'^yyx _ 1 - ^yt _ uUy 

T/-. • 11... ' ii... • ii... 


(3.3) 


C := Cl + C 2 = 


Uyy±-\-'llUyyx ?? ( ti y ^ “j" ti ti y x ) 


w = (-^)y and lim u{t,x,y) = 0 imply that 


y—>-+oo 


+00 

-^v f w^(Ca:,y)dy, 

y 

+00 

i; = - f w{t,x,y)dy. 
y 


(3.4) 
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On the boundary {y = 0}, w|y=o and u|j/=o have the relationship: 




y=o — )y\v=o — 


U-nU-n—UU-n 


{Uy 


I 3uUy—UUy 

ly=o = 


ly=o 


y=o{P-ri\y^o). 


Namely, 


u|y=o — ijly\y=ow\y-o, 

U I _ W I 

Uy ly=o — p-y ly=o- 


(3.5) 


The following lemma gives the equations and boundary condition that w = 
{-^)y satisfies: 

Lemma 3.1. w satisfies the following IBVP: 


+ 00 


Wt + (uw)^ + {vw)y - 2{riw)y - (c / w{t, x, y) dy)^ - Wyy = dyf, 

y 

- y^y + + f + Cl!/=o I w{f : 

___ n 7/ — n 

+ (/3-7;h=o)= “ 2/-U, 


(3.6) 


[ wk<o = 0. 


Proof. Firstly, we determine the equations for w. 
We have the following transformations: 


Ut + UUx + VUy + UUx + VUy - Uyy = /, 

Ut _j_ UU^. _|_ '^'^y _|_ UU:r. ^ _ “^yy = f 
Uy ' Uy ' Uy ' Uy ' Uy ’ 




_ P UUyt 

— J ~ TTTT^ 


-(t) 

lUyt UUUyx 

(«»F («»)^ 


^it)y 


+ v- ^ 


Tfhfp 


(3.7) 


while 


'^yy _ (}!^\ _L ‘^y'^yy 

Uy ~ ^Uy )y JyfW 




(3.8) 


Then we have 




yy 


= f 
= f 
= f 


UUyt 

(UyV 




UUUyx VUUyy 

{UyY (UyY 

{dt + udx + vdy - 


+ (UyV 


^yy) 


yyj^y 



+ 


(«»)^ 


U ^ I ‘^^yy f _U^ \ 
Uy^ Uy ^ Uy 'y 




(3.9) 
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get 


Apply dy to (IXgi) and note that + v{-^)y = we 

(^)y* + ~ "^^x— {^)yyy 

= 9yf - {i-Oy + ^{vw)y, 


Wt + UWx + VWy + VyW + Uy{^)x + (f^w)y -Ux- 


^yy 


(3.10) 


+(^C)y - 2(r7«^)y = 5y/, 

Wt + {UW)X + (tiw)y - 2{'qw)y + (:^C)y “ Wyy = dyf. 

Plug (13.41) 9 into (13.101) 9. we have proved (13.6^ 1 . 

Next, we determine the boundary condition for w, to which we only apply 
X on the boundary. 

Since f|y=o = ^v=o = 0i the following equations hold on the boundary 

{y = 0}: 

f Itt + UUx + UUx - Uyy = /, 


Uy = PU. 


Differentiate (13.111) 9 tangentially, then we have 

Uyt — '^yx — P'^X’ 

We calculate ^ on the boundary {y = 0}: 


(3.11) 


(3.12) 


J_ — 

Uy Uy 


+ / 


I ‘^Uy Uyy 

= Wy -\ - 


^y ^ {u 


= Wy + 


+ “(&),+t 
^(«' + S34)+“((&) +t 


(3.13) 


= Wy + 2rjw + u 




+ (&)J+t 


= Wy + 2r,w + + /. 

We calculate ^ on the boundary {y = 0}: 

Ut '^yt _ 2^ r U^ \ Uyiiyt 

Uy fiUy P'^Uy'^ /3 (Uy)'-‘ 


_ dl/JL^ _L 1 I 

- BWuyh^ {Uy)^\t 


\ UyUyt 


^ Uyy Ut I U Uyyt U ‘^UyyUyf 


= -RWt + 15^1^ + 9 




then 


P Uy Uy ^ P {UyY /3 (Uy)^ (Uy)^ ’ 


n _ R)M. — Ion, Ji_lW _l_ (1 _ ^) 

p->uy ~ p'^t ^ btsiw ^ B) 


P WyT 


P 


(3.14) 


(3.15) 
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Similarly, we calculate ^ on the boundary {j/ = 0}: 


— i,;, 4 - “ _i_ n _ 

“ /3^2: + 3 + (,-1- fll^f 


/5 (« m )^ 


T^^ISTF- 


(3.16) 


We transform (I3.11l) i on the boundary {y = 0} and then plug (I3.15P and 
(I3.16P into the new equation, we get 


Ut I liltx I UUj^ 

Uu ' U-u ' Uu 


f 


(1 - - f)t f 

V _ 

l3 ^ Ity 


(3.17) 


U “^yyi '^y't 


/3 l'^(uyY + /3^a: 


UU '^yyx ^ 277^^^ UUyx 


/3 {Uy 






After plugging p.l3l) into p.l7ll . we get 

+ UWy^) + I ^ + (1 - f )«^ + f & + (1 - f 


then we immediately obtain (13.61) 9: 


/), 


(3.18) 


Wt+uWx-[li-y)[wy + 2riw + f + C,\y=Q f w(t,x,i/)dy^ 

= - (/3 - 2^)« (1^ - uu^ - (^ - 2r;)u^ - (/3 - ^) 

+ (^ - »?)w^ + (/3 - r?)C|y=o^|y=o 
=-t [%f + + (/3 - 2^)^ + (/3 - r?)u. 

_ '^yyy _ Uyt+UUyx—Uyyy 

= - —L -0 + (P- v)u 

— ~'^^\y=0 Cly=0 ~ WUx\y=o- 
Thus, Lemma r3.II is proved. 

+ CXD 

Remark 3.2. As /3 —>■ + 00 , u|y=o 0) / w{t,x,y) dy = —^|y=o —0 


y=o 


(3.19) 

□ 


+00 y 

and then f w(t,x,y)dy = — f w{t,x,y) dy. Thus, the system (13.611 covers the 
V 0 

Dirichlet boundary case when /3 = + 00 . 


19 




































In order to obtain the weighted energy estimates about the system (|3.6I) . 
we introduce the useful inequalities (see [T]): 

\\u\\ck < C,\\u\\j^k+2, 

||u||x)fc < Csllull^^fc+l, 

o<fci+[i^]<fe 


and the following notations: 
Aq.O ~ ||f^ ^ IIb 2’2 ll^3:||gO,o 


\Ll{L^^) + \\V-V\\Brn 


■IICIIbo>^ 


= l|w - + ||Mx||g'=i,'=2 + E Wd^^xd^U^hliL’T) 

+ E Wd^^xd^L^iLlJ + E Wd'^xd^^nhliL^^) 

0<m<fci,0<<3'<fc2 0<m<ki ,0<q<k2 

+11^ ~ ^IIb'=i>'= 2 + ||Clle''i.'‘2 , fci + [^^^] > 0, 

“^ 0,0 ‘^o.e 


Afeilan — ||'u|y=o M^lj/^oll^fc! + ||5x'M|y=o||^fci + \dt u |i/=o|gQ 

m—0 

+ E ||^M;Cl|y=o||^=o + ||C2|y=o||^fci + E || ^M;^ly=01| ^cx, 

m. — O m.—O 


+ \\r]\y^0-v\y=o\\j^k^, fcl > 0 , 

— E ^ki,k2 “b E • 

0<fci + [-^^]<fe 0<ki<k 

(3.20) 

Via the weighted energy method, we have the following theorem for the 
equations (ESI)- 

Theorem 3.3. Assume 0 < (5/3 < /3 < +00, ^ > 5, P - 7?|y=o > (5 > 0 , I 77 I 00 < 
Cy, then we have the following a priori estimate for (E^.- 

— ^(^)ll/IUj + C'(T)Afc||/||^3, 0 < k < ko- 

(3.21) 

If Xp < +(X) where p > 3, then we have the following a priori estimate for EH).- 
IklUj + ■y^=||u'ly=o|Ufc < ^(OII/lUj: 0<k<p. (3.22) 


Proof. 1. L^-estimate: 

Multiple (13.6^ 1 with e~'^^* < y w, we get 
Wte~'^^* < y w + {uw)xe~‘^^^ < y w + {vw)ye~'^^* < y w 

+CXD 

—2{pw)ye~'^^* < y w — (( f w{t, x, y) dy) < y w (3.23) 

V 

—Wyye~‘^^* < y w — {dyf)e~‘^^* < y w = 0 . 
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Integrate (13.231) in we get 


2dtll® ^IIl2(r2) 


+ A||e ^‘w|li 2 (R 2 ) + ||e 




+ ! (wy+ 2-qw + f + C f w{t,x,y)dy) 

TED N n / 


V=0 


s '^^^w\y=odx 


= If e < y vwywdxdy + 2£ ff e ^^*y < y ^ vw'^dxdy 

R2 R2 

-4£ // e~^^*y < y > 2^-2 rjw"^ dxd?/ -2jj e“^^‘ < y ywwy dxdy 


+00 


'^+ 

2e-2 


—2£ff( f w(t,x,y) dy ■ e "^^^y < y "^wdxdy 

R^ V 

+CXD 

— ff C f w(t,x,y) dy ■ < y Wy dxdy 

r 2 y 

—2£ ff e~^^*y < y > 2^-2 dxdy — ^ ff < y Uxw'^dxdy 


+ 

—2£ ff e“2'^*y < y > 2^-2 y;^'(j 2 ;d?/ — ff < y Wyf dxdy := h. 

R^ R^ 

(3.24) 

In order to eliminate the integrals on the boundary {y = 0} in (13.241) . 
we need to estimate the boundary condition (13.61) -). Then multiple (13.61) -) with 


o- 2 At 


w, we get 


l3-Ti\y=o 


e - (wy+ 2ri\y=ow + f + C\y=o f w(t,x,y)dy^e 


(3.25) 


wC\y=o „-2At„,. (uu’lx „-2At„,. 

'{d-y\y=oy^^ ^■ 


Integrate (13.251) in R, we get the estimate on {y = 0}, 

ITt f i3-Z=o da: + ^f dx 

R R 

- f (wy+ 2riw + f + C f w(t,x,y)dy) e~'^^*w\y=o dx 

R ^ 0 2 y=0 

~ ~2 f '^x\y=o (u;|y=o) dx + 2 / rix\y=o m-yi g\2 M(rc|y=o) dx 

R R 

+1 f dx- f fir°|^^„) 2 (w|y^o)^ dx := h- 

]R IR 

(3.26) 

By ()3.24p + p.26p . the integrals on the boundary {y = 0} are eliminated, 
then we get 


- 2 At 


+ A||e ^‘w|li 2 (R 2 ) + ||e 


'^yllL2(R2 


+ 5 dt / ^3;^(u:|y=o)^ dx + ^f 0 S^„{w\y=o? dx = h+ h- 


(3.27) 
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Integrate (13.271) . we have 

l|e + 2A||e ^‘w||^ 2 ([o.t]xR 2 ) + 2||e ) 


^-2\t 


+1 {w\v=o? dx + 2Xj J ^r , (w|y=o)^ dx dt 

R OR 

2 * 

= lhl‘=o|L2(R= ) + I p-v\y=o (Mv=0,t=0? dx + 2 / /i + /2 dt. 


(3.28) 


We need to estimate the following two terms in / di + h dt: 


+ 00 


—2£fff( J w{t,x,y)dy ■ e < j /wdxdydt 

0 R2 y 


+ 00 


— f ff C J w(t, X, y)dy ‘ e < y Wy dxdydt 


0 r 2 V 


< Q\\C\\L^^(LlJ\e w 

yllL2([o.t]xR^) + -^IICIIl,“ (L 2 _^)l|e ^«llL2([0,t]xH^) 

where g > 0 is a small constant. 

Then it is easy to get the estimate: 


Jh+h dt 
0 

< (2^+ f)l|e-^‘/lli2([o_t]^Rp +gci(A3)||e-^‘zXj,|l2,([o_,]^Rp 
+C2(A3, 9)l|e-^‘«^|li2([o_t]^R2 ) + C3(A3) / dx, 


(3.29) 


Let q to be small enough such that qci(A 3 ) < d, let A > 0 to be large 
enough such that A > max{c 2 (A 3 , g), C 3 (A 3 )}, then 


lie ^«IIl=(r^)+^ l|e ^«llL=([o,t]xR^) + lie ^e!/llL=([o.t]xRp 

t 


^-2\t 


+1 dx + A / / dxdt 

R OR 

< l|e”^‘/lli2([0_r]^R^) + |hlt=o||l2(R2^) +/^3;^^^(w^|y=o.t=o)'dx. 

M 

(3.30) 

Fix A > 0 and note that T < +oo, u>|t<o = 0, for any t G [0,T], we have 
+ :y^h\y=o\\Ao ^ C{\T)\\f\\^o.o . ( 3 . 31 ) 


2. tangential derivatives estimates: 
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Apply to the linearized system (13.61) . where fc > 1 we have 
{d^Mt-dy dl^[wy + 2r]w + f + C f w(t,x, p) dp) 

L \ y /j 

= -dlAuw)a^ - dl^{vw)y, 


^-vly 


^-dt%(^Wy + 27]ly=ow + f + (ly=o f w(t,x,y)dp^ 


0 

= - E 

ki<k 

- E dt^xix^^)\y=odt!'xW, y = 0, 

ki+k2=k 

- 9lxW\t<0 = 0 . 

Multiple (II321)i with e-^^* < y ^w, we get 

idLw)te-^^* < y >2^ dKw 


(3.32) 


-a, 


d^ x[^Wy + 2r]w + f + C J w(t,x,y)dy) e < y 
’ \ y /J 


= -dlxiuw)^e 2^* < y - dl^{vw)ye < y 5^dis¬ 

integrate (13.331) in RE we get 

^^l|e-^*aEd's|li|(R^) +'^l|e"^‘aEdis|li 2 (R 2 ^) + ||e-^*aEdiSylli|(R=^) 

+ / a')^ (diSy + 2?7u; + / + C / w{t,x,y)dy) w\y=odx 

= - // a')x (2d7dis + / + C / dn(t, X, y) dy) < y dydl^w dxdy 


(3.33) 


- 2 ^//a')rc(ddSy+ 2?7 w; + / + C / w(t,x,y)dy)e < y > 2 ^ d^^wdxdy 

- If < y >2^ dl^wdxdy 

Rd 

- ff d,%(vw)ye-^^* < y >2^ d,%wdxdy := I3. 

Rl 

(3.34) 

In order to eliminate the integrals on the boundary {y = 0} in (I3.34|) . we 
need to estimate the boundary condition (I3.32 I) t. Then multiple ()3.32l) -? with 
g-2At^/c^di;^ we get 




-^t%(^y + 2vly=ow + f + Cly=o f w(t,x,y)dy^e ^^*8^ 


(3.35) 
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kidk 

- E 5M(p^)ly=o5f,>e-2^*a'=,,w;. 

ki+k2=k 

Integrate (III.H5I) in R, we get 

P-V\y=0 

IK 

- f ^t,x (^y + 2771^=0^ + / + Cly=o 7 ^(t, X, y) dy) 
= ll Vt\v=o ipfr, \ ylo)- i9t,xw\v=o)‘^ dx 


^Tt I dx + XJ dx 

M. 


2/=0 


•e ^^*dKw\y=odx 




ki<kR 




^ 1+^2 = ^ 


(3.36) 

By (I3.34|) + (13.3611 ■ the integrals on the boundary {y = 0} are eliminated, 
then we get 


^||e + A||e + ||e 

+ I n-Zlo (^t,xw\y=o? dx + X J dx = h + h. 


(3.37) 

Integrate (I3.37L we have 

+ 1 ,3-Z=o (^E^ly-o)^ dx + 2A / / (gE^ly=o)^ dxdt 

R OR 

2 * 

= || 5 MW 7 |t=o|L 2 (R 2 ) + / (aj(^w|y^o,t=o)^ dx + 2 / /3 + /4 dt. 

(3.38) 

t 

We estimate the terms in f I 3 dt, note that e“^‘ < I: the first estimate is 


* / _ +°° 

/ If dt,x{‘2vw + / + C / w{t, X, y) dy) < y > 2 ^ dxdydt 

n Trn 9 ^ / 


0 R^ 


9lkllg,,i + c(9)(||/||g,,o + |)?|^lh<'llg,,o + 

+liafflli;,.. ,ll»lli..,.., + IlCIlij^,,,. 


^)llL2([0,i]xRi) 


|«7||L.o + ||CllE-nlkP 


|gfc,0||U^|li2 (4^=0 


< + C(y)||/f + C{q, (A2)2)|k||2 + dq) ■ {Xknw\d. . 


''A,£ 




(3.39) 
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The second estimate is 

i 


L , __ +00 

III 9t,x(wy + 2 vw + f + C I w{t, 

0 R2 ^ y 

■ e~'^^*y < y > 2^-2 dxdydt 

<<i\Miu,^ + cmw\\iu,o+c{\\ff 

'^\,e '^\,e '■ 

TllClli. (..Jkl|L,o + ||Cll^.o|k|li. (,.)) 


\v\lo\\w\\gk.o 

''X,£ '^X.i 


^x,e 


< + Ciq)\\f\\l^.o + C{q, (A2)2)|k||2 + C . {X,nw\\l,,, 

^x,e ^x,e ^ 0 ,^ 


(3.40) 


The third estimate is 

t 


-Illdt ^{uw)xe < y d^ .^wdxdydt 

0 R 2 ’ 
t 

= — III df^^(uxw)e~‘^^* < y d^^^wdxdydt 


0 


-IIK E dt^xudt%w^)e 2 ^* < y d^^^^wdxdydt 


0 R^ k2<k 


+ 5 1II < y \df^^w\‘^dxdydt 

0 R 2 

^ (I^M^loo + \Ux\oo + l)lkll|j.o + PMMx||i2([0,t]xRd)ll^lli'r 
<((A3)2 + l)||HlL.o + (A.)2||HP„3a • 


Since df^^v\y^o = 0, k>0, we have the fourth estimate 


(3.41) 


-III dlx{vw)ye < y dxdydt 

0 R 2 

=nidtx {vw)e 2^t(< y > 2 £ + 2^y < y ^ 9^ xW) dxdydt 

0 R^ ’ 

9lkll|j,i +C'(9 )(|v|oo||w||2^,o + + \\dlx^L<^{LlJ\w\\l2^(^L’rJ 


< 


< qMl... + Ciq, (A2)2)||u;||L.o + C{q) ■ . 


(3.42) 


We estimate the terms in JI 4 dt and note that e 2-*'* < i; 

0 
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The first estimate on {y = 0} is 


U f Vtlv=o dxdt 

OB 

ki<k OR 

- (lh4=o|icx= + 1 + I^E^liz-oLoo ) / / (dt%ujly^of dxdt 

, Ik -M l|2 , llafc -I ||2 lk*™l!'=o|Lo 

+ ||(^ - V)\y=o\\^k C{max{S,P-Cr,}) + \rt,x'n\y=o\\ C(max{S, l3-C\}) 

^ (E + 1) / / y^^idlxMy=o)^ dxdt + c(^axRi3'_c^}) ||^^ly^o||l3 ■ 

OR \ I /jy 

(3.43) 

The second estimate on {y = 0} is 

OR 

= -II dxdt + i / / dxdt 

OR OR 

- E / / 9t^x ( / 3 -E=o iwx)e-‘^^*dl^w dxdt 

k2<kO R 

t 

^ (liixloo + |iit|oo + Ifiloo + |?7a:|oo + IVtloo f f fl-riL^n i^t,x'^\y=V)) dxdt 

OR 

+ {\dt,xV\y=o\^^^ + |5EM®|y=o|ioo^) 'c(iax{ji-c!,})^^'^° 

+l“di~ /,, ||2 , ||,, ^ ||2 , II, ,, ||2 \ 


+ C(max{<5, ^-C,,’}) (11l!/=011 A*^ + IK^ ■*^*)ly=o|Ufc + \\iv ’t) ly=0 11, 4 fc ) 

(As + 1) / / i9t,xMy=o)'^ dxdt + C(miil{l^p-C^}) ll^l!/=o|l A3- 


The third estimate on {y = 0} is 

- E 11 dt,x(-^^)\y=odllwe-‘^^*d^^^wdxdt 

ki-\-k2—k 0 R 

- (i|Cly=oL + 1) / / p-Z=o dxdt 


+ E (||^MCl|y=0 

0</C2^fc 


lrtk''ly=0|lL~ ic(max{5,/3-C„}) 


+ (||C2|y=o||,4fc + \\{V ’7)|i/=o||,4fc)c(max{<5,^-C,,}) 

<(^2 + 1) If ]3zl^(9t%wly=0)^ dxdt + C{mj{5,^"p-C,}) h\y=0 I 
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Then 


lie + 2A||e ^*dl,w\\l 2 ^io,t]xRl) + ^‘^M«'ylli|([o.t]xR=+) 

+ / fi-Z=o (^t,xW\y=o? dx + 2A// idt,My=o? dxdt 

R OR 

t 

< + C4(A3 + 1) / / idt,xW\v=o)^ dxdt + C{q, (A3)2)||w||2 ^ 


+cmf\\l..0 + ciq) ■ {X,nw\\l,,+C{q) ■ cin.JiS^C,i) h\y=o\\A2 ■ 


(3.46) 


Sum (13.4611 from 0-th order to fc-th order, let q to be small enough such 
that the coefficient of is less than 1, let A > 0 to be large enough 

0<m<k 

such that not only the coefficient of l|ee||^m.o but also the coefficient of 

0<m<k 

‘ -2Xt 

S If q1 I _ (dP^wjy=o)^ dxdt are less than A, then we have 

0<m<k 0 R ^ ^ 


lk|||fc,o + A||u;|||,,o-f ||w|||,,i-f XI I ^^i9?^xw\v=o)^ dx 

‘^x,e •^x.e 0<m<kR 


E 11 ^^i9J^xw\v=o)^ dxdt 

0<m<k 0 E 


< E w|t=o|li2(R2) + E I p-r,\^\ {dj:^Mv=o,t=of dx 

0<m<k ^ + 0<m<kR ” ’ 

+C'(9)II/IIb..o + C(q} ■ (Afc) 2 ||u;|| 23 ,, + C(q) ■ lll^' 

(3.47) 

Fix A > 0 and note that T < -foo, z(;|t<o = 0, we have 


+C'(g,AT) • Afc||w||B3.i -f C(9,AT)- c(max{V5.V/5-C^}) 


(3.48) 


Similar to L^-estimate, 



\/& + Cr] 


lkly=olU'“ 


< 


-^o,f 


0 < fc < 3. 


(3.49) 


Thus, when Ap < -foo where p > 3, for any d < k < p, we have 


be Lfc.i -b 


\/& + Crj 


w;|y=o||^fc < C{q, XT)\\f W^k.o 


■^0,£ 


\/ 0-\-Cri 


+C{q,XT) ■ Afe(^||ze||B3,i -b ^^_^||w|p^o|U3 

< C{q,XT)\\f\\^,,o+C{q,XT) ■ XkWfWs^.o < C{q, XT)\\f\\^.,o , 


) (3.50) 


y/ /3+C, 


where —- / / < +cx5 for 0 < 5/3 < /3 < +oo. 

C(max{V(5, yy p—Crj}) 
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3. mixed derivatives estimates: 
It follows from (ESI that 


+ 00 

Wyy = Wt + {uw)x + {vw)y - 2{r]w)y - Oy^ f w(t, X, ij) djj + (w - dyf. 

V 

(3.51) 

Applying to (13.511) . it is easy to get the estimate: 

< ||/||g^=i,i + (Ag + l)(||w||gfci+i,o + ||w||g;=i,i) + Xk, + l\\w\\^2 i . 

(3.52) 

While by (13.481) . (13.491) and (13.501) . we have 

||w||gfei+i,o < (^(g, AT)||/|| fci+1,0 + C{q,XT) ■ Afe^+i||/||g 3 .o , 


||zz;||g.,a <C(g,Ar)||/||g.„o+C(g,AT).AfcJ|/||ga,o , 

^Q,i 0,1 

||a;||g3,. <C(g,AT)||/||g3.o . 


(3.53) 


Plug (13.531) into (13.521) . we get 

||iy||g'=i.2 < ll/lle'=i.i + C{q, XT, A 3 )||/|| fci+1,0 + C{q,XT) ■ Afci+i||/||g 3 ,o . 

(3.54) 

When ^2 > 2, apply df],.dy'^~‘^ to (13.511) . we get 

= dtd,%dy^^-^w + d,d,%dy^^-^(uw) + d,%dy^^-Hiw) - 2d,%dy^^-^(yw) 

+CX0 

f 

y 


-dtdy^-^ (c T^t, X, y) dy) - d^],d^y^-^f, 


(3.55) 


then 


< ||r(;|Lfei+i.fc2-2 + ||i(||L~||w|Lfci+i,*32-2 + ||ii - u‘‘\\„k,+i,k2-2\\w\\L° 
‘^ 0,1 ‘^ 0,1 ^ 0,0 ^ 

+ (i2 J + ||0||Loo||w||gfcj^,fc2-l 


+2.\\'q - r^W k^.k^-i\\w\\L-^ +2\\'q\\L'^\\w\\ + \\f\\„k,.k 2 -i 

^0,.^ 

+ ||C|Ih'=1.'“2-i||'U^||l 2 (L5» ) + ||CI|i“ II'W^IIh''1.'=2-2 

y,i\ t,xj ^0,1 

^ ll/ll r'' 1’'“2-1 + (Ag + l)(||w||„fci + l,1=2-2 + ll'iell k''! ,1=2-1 ) 

A(Afei+l,fe2-2 + Afei,fe2-l)||'w||g2,l . 

Since Ag < +oo, (13.561) implies 

II W^ll r 1“1 .'“a ^ II/II r 1“1 ,1=2-1 A ll'fi'll k'“1 + 1,'=2-2 + 1111 k1=1,1=2 - 1 

^0,£ ^0,£ ^Q,£ 

+(Afei+i,fe2-2 + Afci,fc2_i)||w;||g2,i . 


(3.56) 


(3.57) 
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(3.58) 


Apply the induction method to (I3.57L we get the estimates: 

llw'lUj ^ ll/lUj + -^fcll/IU?- 

Since Ap < +oo, for any 0 < k < p, we have ||rc|l^fc ^ ll/IU*’- 

By (13.481) . (13.491) . (13.501) . (13.581) . Theorem 13.31 is proved. □ 

Remark 3.4. In the linearized Prandtl-type equations with Dirichlet bound¬ 
ary condition has the following estimate with the different definition of Xk •' 

IklUj < Ci(A3)|1/|Uj + C'2(A3)Afc||/|U3. (3.59) 

While in this paper, the estimate of „ ||w|y-o||^fc is necessary. 


3.2 Case II: Zero Force, Nonzero Data 


Let (tt, v) be a smooth background state satisfying 

' M > 0, Uy>0, P - ^ > 6 > 0, V?/e[0,+oo), 

4“ — b; 

< 

v\y =0 = 0, 
lim u{t, X, y) = 1, 

. y—S-+00 


(3.60) 


where {uy — Pu)\y=o = 0 is unnecessary to be satisfied and will not be used here. 

We consider the following linearized Prandtl-type equations with Robin 
boundary condition around the background state {u,v), with zero force and 
nonzero data: 

Ut -f UUx + VUy UUx + VUy — Uyy = 0, 

T — bj 

< {dyU - Pu)\y=o = 0, 'y|j;=o = 0, (3.61) 

lim u{t, X, y) = 0, 

y—H-oo 

, w|t <0 = Mo- 


Then w = {^)y satisfies the following IB VP: 


+ 00 


Wt + {uw)x + {vw)y - 2{iqw)y - (C / w{t, X, fj) dy) ^ - Wyy = b, 

y 

- (^Wy-h 2yly^ow-h f-h Cly=o f w(t,x,y)dy^ 


/3-vly=o /3-y|a=o 


(3.62) 


__— 0 7/ — n 

+ (/3-r,b=o)=^ “ 


M;|t <0 — Wo (a“~Q)y • 

When Ap < -l-oo, we have the following theorem for the equations p.62D : 
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Theorem 3.5. Assume 0 < Sp < p < +oo, i > ^, P — T?|y=o > <5 > 0, |77|oo < 
Cr), Ap < +00 where p > S, then we have the following a priori estimate for 

(Hill).- 

IHUj+ 7^llHy=o|L. 

< C(T, Ap)(||zro|U.(«^,t=o) + ^ 

(3.63) 

where the time derivatives of the initial data can be represented by the space 
derivatives of the initial data by solving the equations. 


Proof. 1. L^-estimate: 

Since / = 0, it follows from (I3.30|) that 


lie + M\e ^‘< y «^lli 2 ([ 0 ,t]xR^) + lie < V ^y\\lmo.t]xRl) 

+ I dx + Aff ^§^(u;|p=o)" dxdt 

M. OK 

^ ll^l‘=o|l 5 io(R_t=o) + / g-nlylo.,=o Hy=o,t=of dx. 

K 

(3.64) 

Fix A > 0 and note that T < +oo, u>|t<o = 0, for any t G [0, T], we have 


rallgo 1 + 


yj /3+Cr, 


|'*^ly=o IIao 


< C'(AT)||n;|t=olUo(R2^_,^o) + „,ax{ y IbI (r,,^o). 


(3.65) 


2. tangential derivatives estimates: 
Since / = 0, it follows from (13.471) that 


II^IIbC-) + y^lle ^‘^ly=o|U. 


< E \\d7!Mt=o\\l2^ + E I t=o idnMy=o,t^o? dx ( 3 _gg) 

0<m<k i<v u, v y j 


0<m<kR 


+C{q) ■ (Afe)^||'u;||g 3 ,i + C{q) ■ c(mai{5,^^-c,,}) ll'“'ly=oILs' 

Fix A > 0 and note that T < +oo, we have 

II^IIb'=’^ + /s\r ll^l?^=°IL'= - Y. \\d'^xMt=o\\Ll(M.l) 

0,1 y/P+o.„ 0<m<k 

+ max{^^-C.,y5}ll^l2^=°’*=°llA'=(R,t=0) +^(9’-^^) ‘ E||w|Ib3,i 
+C{q,XT)\k - 

C(max{-\/5, y/0 — C.^}) 


where 


C{-ma.x{V5,y/Y^}) ' I 11 ’ 


< +00 for 0 < i5fl < /3 < + 00 . 


(3.67) 
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Similar to L^-estimate, for any 0 < fc < 3, 


u; Lfc.i + 


\l 0 + Cr] 




^ lklt=olU*^(R^.t=o) + 

Plug (13.681) into (13.671) and note that Ap < +oo where p>3,we have 


(3.68) 


\W\\^K1 + 




^ lk|t=olUfc(R^,t=0) + inax{y/;^:^,\/5} IL'=(R,t=0) ’ ^ < k < p. 

(3.69) 


3. mixed derivatives estimates: When k = 1, we estimate (13.511) directly 
and note that dyf = 0,we get 




By p.69l) and (13.701) . we have 


< 


Fl‘-o|Ui(R^.t=0) + max{y;S^,\/5} 


(3.70) 


(3.71) 


When 2 < k < p, we need to estimate mixed derivatives. 

Since / = 0, it follows from (13.571) that 

II^IIr'=i>'=2 ^ ||u;||„fci+i.fc2-2 + ||rc|Lfci,fc2-i + (Afei+i fe2_2 + Afei fe2_i)||'u;|L2,i . 

^0,^ 0,^ 

(3.72) 

Apply the induction method to (I3.72L we get the estimates: 


klle'=i.'=2 < E ||w||gM+-,i + Ap||ri;||g2,i . 

0<m<[-^] 


By the inequalities p.73l) and (I3.68L we get 


(3.73) 


< 


'^l*-o|Uj(R^,i=0) + ll^l!^-0'*=o|lA'=(R,t=o)’ 2 < A: < p. 

(3.74) 

By (j3.68|l . (13.691) . (13.7111 . (13.7411 . Theorem 13.51 is proved. □ 


4 Iteration Scheme for the Nonlinear Prandtl 
Equations with Robin Boundary Condition 

In this section, we establish the Nash-Moser-Hdrmander iteration scheme 
and construct the approximate solutions satisfying Robin boundary condition. 
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To start the iteration, we need to construct the zero-th order approximate so¬ 
lution satisfying Robin boundary condition. 


4.1 Establishment of the Nash-Moser-Hormander Itera¬ 
tion Scheme 

In order to mollify some variables and quantities in the Nash-Moser-Hdrmander 
iteration scheme, we need to define three smoothing operators Sg, Sg, Sg and 
extension operators E, E“, E". 

Let geir) = 0g(0T), g e £>(-r) = £>(r), £< > 0, ||£<||i,i = 1, Suppg C 

[—1,1]. We define the following smoothing operator for which there is no re¬ 
striction near the boundary. 

{Sef){t, X, y) = JJJ ge{T)gg{C)ge{ri)Ef{t - t + 0-^ ,x - - g + 6>-i) drd^d??, 

R3 


where Ef is the extension of / to by zero. Note that {Sgf){t, x, 0) may not 
vanish. 

Similar to [I], S'e has the following properties: 

Proposition 4.1. Assume ||^%-|Lfco +2 < -|-oo, the operator Sg follows the fol- 
lowing rules: 

\\Sgf\Ut<Cg0(^-^^+\\f\Uf. 
m-sg)f\Ui<Cg0^-‘^\\f\Uf, 

< c,0r“A0„ii/iu., 

\\[4:,,Sg]f\U.<Cg\\^\U., 

\\dy[4:.,Sg]f\U.<Cg0\\^\U., 

where 6»„ = y/0l+n, 0 q > 1, A0„ = 6>„+i - 6»„. 

Remark 4.2. For the Prandtl equations with Dirichlet boundary condition, the 
smooth operator Sg needs to be defined as 

{Sgf){t, X, y) = JJJ ge{T)gg{C)ggijl)Ef{t - t F 0-^ ,x - f„y - y - 6>-i) drd^d??, 

R3 

such that Sgu\y=o = Sgv\y^o = 0 when rt|y=o = i’|y=o = 0. See flj, where 
Sgu\y=f) = = 0 are used in the derivation of boundary conditions for 

the linearized Prandtl-type equations. 


Vs, a > 0, 
VO < s < a, 
Vs, a > 0, 

Vfc < fco, 

Vfc < fco. 


In order to introduce the operators Sg , Sg, E"^, E'" simply, we still use 
u{t,x,y),v{t,x,y) here as the abstract functions, where lim u(t,x,y) = 0, 

y-S'+oo 

u G A^/,v G for some si,S 2 . Actually, the functions that need to be 
mollified are iA,5u^ and v^,5v^ instead of u,v. 
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We define the smoothing operators Sg, Sg as follows: 

X, y) = /// ge{T)ge{^)geir])E'^u{t - t + 0-'^,x - ^,y - g) drd^dTy, 
R3 

{Sgv){t, X, y) = fff ge{T)ge{^)ge{ri)E'"v{t - t + x - y - 77 ) drd^d??, 

R3 


where the extension operators are dehned as follows: 


E^u{t,x,y) := 


E'’v{t,x,y) := 


u{t,x,y), 

2 / > 0 , 

u{t,x,-y), 

-0-1 <y<0, 

0, 

lA 

1 

1 

v{t,x,y), 

y > 0 , 

1 

1 

- 0-1 < 2 / < 0 , 

0 , 

1 

1 

VI 


(4.2) 


Remark 4.3. Though (dyU — l3u)\y=o = 0, it is unnecessary to have {dy{Sgu) — 
l3{Sgu)]\y=o — 0, because (13.111 . (13.6011 do not need the condition {dyii—l3u)\y^o = 
0. Since u\y=Q may not vanish, {Sgu)\y=o does not equal zero in general, due 
to the even symmetry of E^u with respect to y. 


The operators i?“, E'",Sg, Sg have the following basic properties: 
Proposition 4.4. If Ux +Vy = 0, v\y=o = 0, then 

{S-gV)\y = O=0, 

{Sgu)x + {S^v)y = 0 , 

(4.3) 

l|.^“^IU“([0,T]xR2) < 
ll^^’'l'l|-DJ([0.T]xR2) < 2||n||i,j([o,T]xR^). 

Proof. Since {E^u)x + {E^v)y = 0 in [0, T] x R^, we have {Sgu)x + iSgv)y = 0. 
It is obvious that {Sgv)\y=o = 0 by the definition of Sg and the odd symmetry 
of E'^v with respect to y. 

By the definition of (14.2L it is easy to prove (14.311 .; and (14.311 .1. □ 


Furthermore, Sg and Sg have the following properties: 

Proposition 4.5. Assume ||-^|||,fco +2 < + 00 , the operators Sg and Sg follow 
the following rules: 

\\S^u\Ui<Cg9(^-^^+\\u\Uf, Vs>0, 

\\{l-S^)u\Ui<Cg0^-nu\Uf, y0<s<a, (4.4) 

WiSl - Sl_Ju\Ui < C,dr“A0„||u|U., Vs, a > 0, 
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<c,||g^iu., yk<ko, 

\\9v[a^,S^]u\\_^^ < Cg6»||g^|U., Vfc</co, 

II^Mbg <C,0(«-“)+||z;|b., Vs>0, 

11(1 - VO < s < a. 


Proof. Based on the properties of the convolution, it is easy to prove (gH). But 
note that 

[-^,S^]u{t,x, y) = /// ge(T)Q 0 {£)Qe{r])[h{t - t + ,x - ^,y - y) - !]■ 


+ ^ \ a; - y - r?) drd^d??, 


where 

h{t,x,y- y) := 


E^u{t,x,y—r)) 

9y'U.‘(t,v) 


v>y+d \ 

v<y, 


(4.5) 


Kit,v-'n) . . I n-i 

y<y<y + ^ ■ 


dyu^{t,y2) 

dyU 


(4.6) 

Then X) \dt)ydy^h\oo < max {l, (7(11^11 ^ 0 + 2 )} < +00 by using 
fci+[^]<fco ” ° 

= exp { / ^(t, y) dy}, thus (14.411 .1 and (I4.4ll i can be proved. □ 


Similar to [I], we introduce the nonlinear operator which corresponds to 
the Prandtl system (EH: 

V(u, v) = Ut + UUx + VUy — Uyy, ( 4 - 7 ) 

and its linearized operator around the background state {u,v): 

'^'(u.v) (^’ v) =Ut+ UUx + VUy + UUx + VUy - Uyy. (4.8) 


Assume that for k = 0,... ,n, we have constructed the approximate solu¬ 
tions {u^,v^) of (11.51) . then we need to construct the (n -I- 1) — th approximate 
solution (m^+^j'!;"+^) of (11.511 . Set 


= u" -I- Su^ = tt'* -I- u" -I- (5 m”, 

yn+l _ .^n _|_ ^y-n. ^ 


(4.9) 


where (m®,0 ) is the shear flow, the increments (5 u",5m”) are the solutions to 
the following IB VP: 

{5u^)x + {5v'^)y = 0 , 


{dy5u^ - l35u'^)\y^o=Q, 5v'^\y=o = Q, (4.10) 


lim (5 m” = 0, 

y—H-oo 

. 5M”|t<o=0, 
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where 

Let 

V{u^+\v'^+^)-V{u^,v'^) = V' „„ .(5M",<5z;")+e„, ( 4 .II) 

then the error e„ can be decomposed: 

e -e(i)+e( 2 ) 

where Cn'^ is the error comes from the iteration scheme, is the error comes 
from mollifying the coefficients. Thus, en\en'^ are defined as 

u”+i) - u") - (Su^, <5u") 

= r(u" + (5u", u" + du") - ^(m”, u”) - „„)((5u", du") (4.12) 

= (5it"(dit”)x + 5v'^{5u^)y , 

and 

el") = Sv-) 

= [(m" — Ue^)(du”)]2; + (u" — Vg^)(Su^)y + 6v'^{u'^ — Ug^)y (4-13) 

= [(1 - Sl)uWU + (1 - SDv^iSu^y + (5u"[(l - Sm . 


Sum (|4.11|1 from 0 to n, we get 




Ein 


j=o 


(“0 


{Su^,Sv^) + ej] + /“, 


(4.14) 


where 

fa ._ = u° + u°u° + V°Uy — u^y , (4.15) 

and u^,v^ will be determined in Subsection 4.2. 

Note that /“, ), el"^ have no restrictions on the boundary, so we use Sg^ 

to mollify them. Similar to [T], /" can be defined by induction on n, i.e.. 


n 


EP 

3=0 


n—1 


SeAEeP-SgJ-, 

3=0 


(4.16) 


then we have the formulae as follows: 

' p = -SeJ% 

P = {Sg,-Sg,)r-Se,eo, 

n—2 

r = {S9„_, - SgJ{ E ej) - ^e„e„_i + iSe^_, - SgJP, Vn > 2. 
3=0 

Finally, we have 

n n 

lP(u"+i,u"+i) =J2P+J2 e, + r 
3=0 3=0 

n— 1 

= e„ + (l-^,J(E e,) + (l-5,„)r. 

1=0 


(4.17) 


(4.18) 
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In order to prove the convergence of the iteration, 


—>■ 0 , pointwisely, as n ^+co, 

we need to prove in Section 5 that for some values of k, 

+00 

E \\ej\\A^ < +00- 

4.2 Construction of the Zero-th Order Approximate So¬ 
lutions Satisfying Robin Boundary Condition 

In this subsection, we construct the zero-th order approximate solution by 
using the initial data uo{x,y) = uo(x,y) — UQ{y). Denote 

fco , . 

u°{t,x,y) := ^ tjdluo{x,y), 

3=0 

v'^{t,x,y) := X; jdivo{x,y), 

3=0 

. u°it,x,y) = u^{t,y) +u°{t,x,y). 
where d^uoix,y) and d^vo{x,y) are defined by induction: 

diuo = dyyidi~^uo) - X CJ!_iid^u^o + d^uo)dx{dr^~""uo) 

m—0 

< - E CJlAdrvo)dy{dr"-"^K + dr"~""uo), l<j<2ko + 1 , 

m—0 

divo{x,y) = - J dxdiuo{x,y)dy, 0 < j < 2ko. 

0 

(4.20) 

Then we have the following proposition relating to v^: 

Proposition 4.6. If uq satisfies dy^{dyUo{x, y) — fiuo{x, y))\y=o = 0, 0 < j < 
2ko andu% satisfies {dyuUy)-PuUy))^^^ =0, 0 < j < 2fco, lim uoix,y) = 

^ y—¥-\-(X) 

0, uo G = 0), then (u^,v^) satisfies 

■u° -I- ('u'* -b -b -b ■u°)y - Uyy = /“, {x, y) G ^ > 0, 

ul+vl = 0, -b = 0, 

= 0, 0 < ji + J2 < ko, 

< 

- fiu°)\y =0 = 0, 0 < ji -b J 2 < fco, 

lim iA(t, x, y) = 0, 

y—H-oo 

■u°|t =0 = uo{x, y), v°|t=o = Voix, y). 

(4.21) 
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If Uq satisfies Hwg - l||i 2 + \uq\oo + ||wollc|'“o+3 + ll^^llcfo+^ ^ ^ 
uo = uq — Uq satisfies 

< e, (4.22) 

for a small constant e > 0, then 

0 d vP Q 

||m II^Jo + i(|Q_7n]xR^) + II dlu^ II.aJ“ + ^([0,T]xR^) 11'*^ llx>o“([0,T]xR^) 

+ 11/ ll.4j“([0.T]xR^) II aftt* IUj°([0,T]xR^) (4.23) 

2fco ~l”2 

+ E l|5-«°|,=o|| < CiT)e. 

m=0 ^ 


Proof. As to (14.211) . we only need to prove di^d^^{dyvP — /3M°)|y=o = 0, 0 < 
Ji +/2 < fco- 

By the definition of dtu^, namely (I4.20ll i with j = 1, it is trivial to verify 
that {Oyi^OtZlQ^ P^t^ 0 ^\y—Q — /^^o)|y —0 — 0- 

Assume that {dy(dluo) — pdluo)\y=o = dy^{dyUo — /3fio)|y=o = 0 for 0 < i < 
j - 1, 0 < j < 2fco. Note that dlvt^\y^o = 0, dj^^dydluQ - /35j*Mo)|y=o = 0, 0 < 
i < j — then we have 


i^yi^t^o) l3d{uo)\y=o — dydyyd{ uo|y=o P^yydf ito|y=o 

- E c'j™i(5rwo+^rwo)((9r^”’"Mo)yx-/3(9r^”'”Mo)x) 

- E c'y/l(5^^'o)((9^^"™Mg+ar^”™fio)yy 

m—O ^ 

-/3(ar'-™«s+9r'-™«o),) 

/ y=0 

-(E cff,(dru^o+drho)y(dr'-’^no). 

^ m—O 

+ E C'yil(9r^o)y(5r^”™Mg + 9r^”'”wo)y) 

m=o ' y=o 


= dl^dyUQ - /3Mo)|y=0 = 0, 


where C™ i = C;) | ™ . 

J —i J — i- m\{j — l—m)\ 

Thus, {dyu° - l3u°)\y=o = Y. j(dy{diuo) - Pdlu^j 
0 < ji +j2 < ko, 


(4.24) 


= 0, then for 


y=0 


drdi^{dyu° - Pu°)\y^o 


feo h 

= E E q 

j—0 m—0 


,difYEL 


dif (dy{di^"^uo) - 


y=o 


= 0 . 


(4.25) 


Next, we prove the estimate (14.231) under the assumption (14.221) . 
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Consider the definition (I4.20l) i . it is easy to prove that 


j-i 




m—0 


(4.26) 


< 


|MoIIcq'“o+^ ||Mo||_4j+3(R^_t=0)’ 


where 0 < j < ko, 0 < k < ko + 1. Then 


fco 




m—O 


< 


C'(^)ll“ollc^'=0 + 2||uo||^2fco + l(]u2 < C{T) 


and ||n° 




4^0 


< 11 7'/° 




-0 ■■ .. 

<C(r)||fiolU-o+.(K2,^o)<C(T)e. 


Similarly, |||^|| .„+, < C(T)|||^||c2.„+7 ||^|L2.o+7_ _ < C{T)e. 


t=o) 


d-nU^ 




^ ^ I dyu°{y)dy 

OO 

sc'(ll%;?llc«)c( 


< 


A^ 

dyU° 


dyu‘'{y) dyU°{y) 

dyU‘'{v) dyU‘(y) 


dy 




d-uU^ 


Jk 


< II^IUjo+i and then 


I II 3hh“* II II II 

To+1 + II llcoO+MI IUJ“+^ 


11 ^0 


dlu‘ IUfo+i(R2 < C{T)e. 


Especially, we have the estimate on the boundary {j/ = 0}: 

2 fcQ -|-2 




m—0 


< 


dvU^ I 


I|5yfi°|1^.0 + 1 < \\dyU%.,+4^\\^., + ^ < C{T)e. 


(4.27) 


□ 


Remark 4.7. As j3 ^ +oo, 9tU®|y=o = O(|),0 < fc < fco, ||fi°|y=olU‘^o([o,T]xR) 
O(^), since we have the estimates: 

ll^°ly=o|U''o([0,T]xH) < Ct/3 

||9y72°|y=o|U'=o([o,T]xR) — ^■ 


5 Existence of Classical Solutions to the Nonlin¬ 
ear Prandtl Equations with Robin Boundary 
Condition 

In this section, we prove the estimates for some variables and quantities 
arising in the process of the Nash-Moser-Hdrmander iteration, based on which 
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we prove the convergence of the iteration which implies the existence of classical 
solutions to the Prandtl system (HD. 

Define 

{ Ug^ = 

0<j<n-l 

(5.1) 

0<j<n-l 

then Ug^ and Vg^ satisfy 

' + dyV^^ = 0, 

< v]^Jy=o = 0, (5.2) 

lim u'^At,x,y) = 1- 

V y—>-+oo ^ 

and it will be verified in Subsection 5.2 that 

> 0, dyU^^ >0, /3 - >S>0, y>0,tG [0,T]. (5.3) 

Note that the condition (lOD does not contain {dyUg^ — /3rtg^)|y=o = 0, 
which is unnecessary because does not need the condition {dyU — Pu)\y=Q = 
0. As pointed out in Remark 021 — /3u°)]|y=o = 0 and [Sg^{dy6u^ — 

l36uA]\y=o = 0 are unnecessary to be satisfied, {Sg u°)|y=o and {Sg 6uA\y=o do 
not equal zero in general. 


Moreover, /” is defined in (14.1711 . then the problem (14.1011 is equivalent to 
the following system: 

iSu^)t + uliSu^), + vJ}ASu^)y + Su^iu^J, + 6v^{u^Jy - i6u^)yy = P, 


{6u^)j; + ((5f”)y = 0, 


< {dySu^ - pSu^)\y=o = 0, 6v^\y=o = 0, 


lim Su^ = 0, 

y—H-oo 

. 5u"|t<o = 0. 


Set 


w 


n 


dy{ 



I 


^yy'^ 

dyU 



7?^ = 


yy 


r 


r 


(5.4) 


C" 


{dt+UQ^dx-\-VQ^dy—dyy)dyUQ^ 

dvUn 


_ ^yyt ^ —n dytu 

~ dyu^^ I dyu^^ ’ 


C? 


dy Un 


n ^Or, 


—n dvt'^ 


dyU'2 


+ ri 


n ^9-n.^y^ ^Or, 
' dyU'2 


(5.5) 


cr 


■C 2 " 


dyU^ ' 
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Aq.O = IK„ - + lh”l|L=(L“J 

+ h”-^”llB«-? + IIC”llBO,o , 


*^0,^ 

^fel.fe2 = ll“e„ - w1Ib'=i.‘^2 + \\dxU^Ji^H.I‘2 + E 

°'° 0 <m<ki, 0 <q<k 2 

0<m<fci.0<9<fc2 ’ " " « ' Oo , 

+ E ll5r.9«^"|lL2(L~) + IIC"llB'=i.^2 , /ci + [^]>0, 

0<m<fci,0<9<fc2 ’ 


fci 


A^iIan — ||w^^|y=o u'*|y=o||^fci + ||9a;i6g^|y=o||^fci + E |^t"'*^*ly=o| 

m—0 

+ E ||5rEl”ly=o|L=o +||4”ly=o|L., + E ||a,-^”ly=o|L 

m=0 m—0 

+ ||77”|j^=o-??”|y=o||^.i, A:i>0, 

A^= E K,m+ E A^Jan. 

o<fei+[i 2 ±i]<fe o<fei<fc 


Then m" satisfies the following IB VP: 


+ 00 


9tw” + - 2(?7”w”)j^ - (C” / x, y) dy)^ 

y 

-dyyW^ = dyP, 


dtw" 


^-J)"h=o ^ /3-r/"|„=o 
m"C"l«=o 


(^yW^ + 2?7’ 


^ +00 

|y=0W" + /" + C”l!/=0 / w”(t,X, 
0 


L n;"|i<o = 0 . 


(5.6) 


5.1 Estimates of the Variables and Quantities for the It¬ 
eration 

In this subsection, we prove the estimates stated in the following theorem, 
Cn{T) is written as Cn for brevity. 

Theorem 5.1. Assume the reference index k > 7, ko > k + 2, dg € (0,1) is 
small, ifuQ satisfies ||Mg - l|h 2 + |ug|oo + ||Mg||g2feo+3 + II dyu^ llc^fco+s < C and 
Mo = Mo - Mg satisfies IlMolE^fco+i^jj^^j^P) + ll|^IUfo+i(R^_t^Q) < e, then the 
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following variables have estimates as follows: 


\\r\U < Cue9. 


max{fc—fc,3—fc} 


0 < k < ko, 


lk”IU^ 


/^T^ll^ ly=o|u'= 


< < k < ko, 




0 < k < ko, 


0 < k < ko. 


E \\d;f6u^\y=o\\0 < k < ko 




imax{fc+3—2fc,5—2fc} 


llei'^IU. < C„e20: 




0 < k < ko. 


0 < k < ko — I, 


0 < k < ko — 1, 


0 < k < ko — 1. 


Moreover, the following quantities have estimates as follows: 


n s|| ^ ^ ^max{fe+l-fc+5a,0} 

^9n ^ 1 

„ I ,,s| II ^ ^max{fc+l-fc+i50,O} 

^9n\y=0 ^ l!/=0||^)c S , 

II <' ^max{fc+2 —fc+(5£»,0} 

llx>J — , 

^»(“A““**)|| ^ amax{fe+l —fe+<50,O} 

lU^ — '^nf-On , 

II ^ ^max{fc+l —fe+(5e,0} 
a^u'* ly=0|Ufc ^ '^ntOn , 


0 ^ ^ ‘2ko 2, 

0 < A: < 2fco + 2, 

0 < A: < 2A:o + 1, 

0 < k < 2ko, 


0 < k < 2ko, 


0 < k < 2ko, 


- i^")ly=o|L. < 0 < A: < 2A:o, 

/9a«^ ^_lll IU^!/“A^-ll II ^ ,amax{fc+l-fc+(5(,,0} -, ^ ^ r,,, 

l‘a;TI^-> + IK’a;^!^-' |y=o|Ufc < Onefc'n ,i<fc<2A:o, 


- ^”IUj + ll(^” - ^")ly=olU'= < 0 < fc < 2A:o - 1, 

TWcl <Cn + 0 < A; < 2A;o - 2, 

5L^”ls/=o||Lr. < C'n + 0<k<2ko-2, 


C”IUj < C'„ea 


max{fc+3—fc+(5e ,0} 


0 < A: < 2A;o - 2, 

0 < A: < 2A;o - 2, 
(5.8) 
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0<k<2ko-2, 


IIC2 lU*" < 0<k<2ko-2, 

Xt<Cn + c^e6)”‘^’'{'=+3-fe+^<>-o}^ 0<k<2ko-2. 


The main variables estimated in (15.711 have the relationships indicated by 
the following diagram, where A ^ B means that we can estimate B after we 
have estimated A. 


r,/° 


y=o, -^Su°, 


Sv° 



—>■ w^, 

w'^\y=o, -t 

0 

II 

Sv^ 



—>•••• 

/n-i w'^~^\y=o, -t Su^~^\y=o, -t 

->•/" ui"|y=o, -^5u^, Su'^\y=o, <5r>” -?■ -)■ 


—>•••• 


For the zero-th order variables, it is easy to get the following estimates: 


ll^°ll.4j + ^ C'oe, 

0 < fc < /co + 1, 

2k 

J2 < CqC, 

m=0 ^ 

0 < /c < fco + 1, 

lx>J ^ C'oe, 

0 < fc < fco. 

ll/“IUj + ll/°IU‘’ + 11^7^ Uj + llafu^ 

0 < k < ko, 


0 < k < ko, 

ll*^^ Wa'I + dyU- \\a>1 + WdyUoW-D^ ^ ‘^0*^’ 

0 < k < ko, 

2k 

E \\d^Su°\y=o\\ < Coe, 

0 < k < ko, 

||<5u0||^j < Coe, 

0 < k < ko — 1, 

1^0^^ Uj + |eo^^ Uj < Cqc^, 

0 < fc < fco — 1, 

(1) (2) 

11^^11.4*^ + ll^il^ll.Aj < C'oe^, 

0 < fc < fco — 1. 


Then the estimates in (15.71) and (15.81) hold for n = 0 by adjusting the constant 
Co, since 1 <C < + 00 , 1 <C 6*1 < + 00 . 
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Remark 5.2. For any small 60 € (0,1), Sg '^ < 0o < +00 and 0 < k < 2ko + 2, 

gfc+l-fc dk+l-k ^ ^ 

k = k — 1 . 


E < 

m—0 




Iog 0 ,+log 0 o< 0 f+ 0 o'- 

Then we have a uniform expression 

3 — 1 

Qk-k/^Q < g|max{fc+l-fc+5s,0} 
77^0 ^ J 


(5.10) 


3 — 1 - ~ 

instead of ^ O^^AOm ^ g™ax{fc+i fc,o} because when k = k — 1 , 

m—0 

1-1 1-1 i-i 

X) ^ i = I S *■5 uniformly hounded for any j. 

m=0 m=0 ™ m=0 ° 

Thus, in this paper, we can not use to bound \\u^g^ ~u‘^\\a^ 

and ||wg.||j,)=-i, etc, when k = k—1. Moreover, due to (15.101) . the stability results 
in Theorem o hold for p < k — 2 instead of p < k — 1 . 


Assume the estimates dEll) and dEll) hold for n = 1, 2, • • • , j — 1, then we 
prove the main estimates for n = j in the following lemmas, the rest are easy. 

Lemma 5.3. Assume the conditions are the same with the conditions in The¬ 
orem o and the estimates dm hold for n = 1 , 2 , ■ ■ ■ , j — 1 , then 



0 ^ /l ^ 2/po H“ 2, 


||«J,l.=o - »-|,=oL. < 

0 < A: < 2fco + 2 , 



0 < k < 2ko + 1, 



0 < k < 2kQ, 

(5.11) 

II ^ ^ 1 II ^ ^inax{/c+l — fc+(50,O} 

II dyW ly=o|U*7 — I 

0 < k < 2ko, 


^ ,^max{fc+l-fe+(5e,0} 

IK 

0 < k < 2kQ, 


||/A“9. II „iax{fe+l-/c+5e,0} 

IK -> |y=o|Ufc<Weyj 

0 < k < 2ko. 



Proof. Estimate of (|5.1ip i : 
When k <k — 2, \\u^g, 

\We,-u‘'\\A’l 


— ^ CjC. When k — 1 < k < 2ko + 

<ll^.“(^°+ S Su^)\\Ai 

0<m<j-l 

< 6»^^+^-^(C'oe + tB^^) < 


2 , 


(5.12) 
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Thus, \\ul^ 

Estimate of (15.111) 9: 

When k < k — 2, ||Mg^.|j/=o — ■f^*ly=o||^fc ^ Cje. When k — 1 < k < 2ko + 2, 
hiJy=0-U^\y=o\\Ak = \\Sl{u° + E <5^’") ly=01| 

0<m<j-l 


< 6 l(fc+i-fc)+||i 20 + ^ Su^ 

0<m<j — l 


I^E^([0T]xKx[0.6»-h) 


< 0^+^-'^{Coe + e6f) < . 

Thus, |K|,=o-«1.=o|L. 

Estimate of (I 5 . 11 |) 9 : 

When k <k — S, \\x>k < CjC. When k — 2 < k < 2fco + 1, 

HM<\\siii^+ E 

0<m<j-l 


(5.13) 


< 0 f+ 2 -fe)+||~O^_ ^ 


'X»n 


0<m<j — l 

< 0^^+2-^(Coe + £0^'’) < Cjee’^+^-'^+^o. 

Thus, \\vij\j,k < Qg 5 )“a’^{'=+ 2 -fe+- 5 «. 0 }^ 

Estimate of H5.11 |) a: 

dy{ui—u‘‘) 

When k < k — 2, ||—-||^fc < Cje. When k — 1 < k < 2fco, 

dy(u^g -u‘) 


(5.14) 




5] 


dyU^+ ^ dySu^ 
0<m<j-l 


dyU^ 




^(fc+l—fc)+ 


01 , 11 °+ V dySu^ 

0<m<j-l 


dyU^ 


(5.15) 


-4? 


< 0 ^^+i-^(C'oe + £ 6 '^'') < 

Thus, 

Estimate of (|5.1ip »^: 

II Oi, (ui . —li®) ,11 

When k < k — 2, ||——|y=o||^fe ^ Cje. When k — 1 < k < 2ko, 




dyu‘ ly=o|U'= 


< 


0 i,lf.°+ ^ dySu'^ 

0<m<j-l 
; dyU^ 


ly=o 




< ^(fc+i—fc)+ 


0 i,li°+ V dySu'^ 
0<m<j-l 


dyU^ 


.AEh[0,T]xRx[0,e(7h) 


< 6iJ+^-^(Co£ + eO^o) < Cj£0)+^"^+^'’. 


(5.16) 
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Thus, 


I dyU^ 


II <r' ^max{fc+l —,0} 
y^0\\Ak 


Estimate of (|5.11 |) r: by Fa Di Bruno formula, we get 

i^y(“ej““ ) II ^ ^ ^^max{fc+l —fe+(5e,0} 


^ dyU^ 




< 


dyU^ 


\J^k - j 


(5.17) 


Estimate of (15.111) ?: by Fa Di Bruno formula, we get 

I dy{ul,-u 


, dyul, 
^ dyU^ 


\v=0\\Ak 


< II yy'^Bj “-' ll ^ ^ omax{fc+l —fc+(5s ,0} 

" dyu- IU'= - \ ) 

□ 


Lemma 5.4. Assume the conditions are the same with the conditions in The- 
orem [?7T] and the estimates (|5.7p hold for n = 1, 2, • • • ,j — 1, then 



0 < k < ko, 

\\6v^\\j,k < 

0 < k < ko — 1 

II dySu^ II (J ^rnaxjfc—fc,3—fc} q 

II dyU‘ Wa'I — P 

0 < k < ko, 

II II <P' ^m.ayi{k—k,3—k} A ^ 

0 < k < ko. 

2k ~ ~ 

0 < k < ko- 


m —0 


(5.19) 


Proof. Estimate of (I5.19l) i : since Su^ = —Uy J wdy — dy{ul_ — m®) J wdy, 

V ' y 

WSu^Wa'i ^ \dvU^\c^+^Ce\H\\A^ + \\dy{ul. - u®)||_4fcC'£||u;^||co 
+ \\dy{ul. - u®)||i2^^(i~jQ||ra^'|U. 

^ C'^lk^lUj + \\dyiul. - M®)IU^^||wJ'IU2 + \\dyiul. - w®)|U2||ri;J||^fc 

^ ^^max{/c —fc,3—^ ^^max{fc+4—2fc+(5e,3—fc} 
r\J j ^ j ^ 


< 0<k<ko. 

Estimate of (|5.19|) 9: 


(5.20) 


\\Sv^\\v^ = II “ / 9xiSu^)it,x,y)dy\\i:,k < Ci\\Su^\\Ak+^, 0 < k < ko - 1. 

Estimate of (15.19^ ?: since 


y y 


dyU^ 


dyU^ 
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I dySu^ 


^ (1 + 


dy{ul -u^) 


I ^yy ('^0,- ) I 


+ ||w^||l“|| --lUfc + Ct\\w^\\ca 


u° Moo ' II dyU^ 
dyvi^l.-u^) 


i\\ Oy 


dyU^ \\A^ 


< + Qe0“a-{fe+5-2fe+5«.3-fc}^^^ 

< Mj, 0 < fc < fco- 

Estimate of (|5.19|) /i: 


(5.21) 


Since 


p^ = -{^ + 

dyU‘ \ 


SQ.{dyU^+ X) dy5u^ 


dyU^ 


d (u^ —u^ 

l^lll.„^<gMKU(l + || ' \\r,^) + C,\\w 


X. oo 

j J w^{t,x,y)dy, 

^ y 

i'^Gi ~'^ ) I 


^ II dyU^ llx)j 


dyU^ 




< AOj, Q<k<ko. 




(5.22) 


Estimate of (|5.19|l »;: 

OO OO 

Since f (t, x, y) dy =—d^~^w = f (t, x, y) dy, 


d^Su^ly=o = - E d^^~^^u"ly=o f dpw^(t,x,y)dy 

7711+7712—m 0 


(5.23) 


E dp+^(+-u+y=ofd+w^(t,x,y)dy, 


7711+7712—771 

then for 0 < m < 2k, 

< \dyU^\y+ooCi\\d^W^\\ + | ^ ^ y=0 | OO | | Uo 

+Ci\\dy{ul^ -u+y+\L'^+i\\d^wi\\ kA+^\ 

A, ^ 

++\\d'^+\ul-U+y+\.,:r^+t\W\\co 


< IImIIc^^+^IIw^IUo + ||5™u;^|| k-[+^\ + ll^^ll^=IIK. - w®)|y=olU^+i 

•A-n 


< A 6 ij + CjeO^-'^Adj + e6 

< 0<k<ko. 


imax{fc+2—fc+5e ,0}\ 


(5.24) 
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□ 


Lemma 5.5. Assume the conditions are the same with the conditions in The- 
orem [?7T] and the estimates (|5.7D hold for n = 1,2, ■ ■ ■ ,j — 1, then 


llef^lU^b < 0 < k < ko - 1. 




(5.25) 


lig^lUj < 0<k<ko-l. 

Proof. Estimate of (|5.25|) i : by (I4.12|l . e^p = 6u^{6u^)x + 5v^{5u^)y, we get 
^ \\iSu^)x\\A^JSu^\L-- + \\{5 u^)x\\l--\\5u^\\a1 


< ^20max{fc+3-2fe.5-2fc}A0^.^ 0 < < /fco - I- 


(5.26) 


Estimate of l|5.25h : since = j^{5u^)x + we get 


( 1 ) 

ll^lUj < + \\-I^U\\{5u^)x\\co 

+ll^-^lkil^lUf + ll^-^lkll^llco 

< Cje9^-^A9jC:je9f'"''^^"^^~^’^~^^A9j + A9jCje9^-’^A9j 

+Cye9^-*^ A9j + A9jCye9^-'^ A9j 


< ^ 20 max{fe+ 3 - 2 fc. 5 - 24 A 0 ^.^ 0 < fc < fcn " 1. 


(5.27) 

□ 

Lemma 5.6. Assume the conditions are the same with the conditions in The- 


ef lUj < 


2^max{fc+5 —2fc,7—2A:} 


> OyU^ 


n = 1, 

2 , • • • ,j — 1, then 

A 9 j, 

0 < k < ko — 1, 

>A 0 „ 

0 < k < ko — 1. 


(5.28) 


Proof. By Bemark 15.21 we have the estimates: 

II.VII 4 -. <«»'’, lining-. <<. llv‘\U-.<a‘’. 
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However, A:o>fc + 2>A:—1, then we still have 

lll^lUjo < eef+^-\ < e9f+^-y 

Estimate of (|5.28|) i : 

Since ef'’ = [(1 - S^.)u^5u% + (1 - S^g.)v^{5u^)y + 5v^[{l - S^.)u^]y, 

lleflUj 

^ 11(1 - S^^)u^Su^\\a'^,+^ + ll^^^[(l - ^9j)u^]v\\A^t + 11(1 - V(<5M^)ylUj 

< 11(1 - SI)u^\\aj\\Su^\\a-^+^ + l|5«^IU?ll(l - 

+ ||J^^||^2||(1 - Sl)dyU^\U. + III,. 11(1 - Sl)dyU^\\co 

+ 11(1 - Siy\\Ty2jdy6u^\U. + 11(1 - 5," )n^||^.||a,fe^||co 

< + e9';+^-HSu^\U. + e9';+^-HSv^\\^. + e9^fHSv^\\^. 


+e0;-''||9,<5n^lU. + e9^+^-^\\dySu^\U. 

< + e^9^+'^-'^Cj9^-~^A9j 

^^ 29 k+i-kc 93-k^9^ + 

J J J 3 

+ e25,4-fe^^.0max{fc-fc.3-fe}A0^. Cj9^-'^A9j 

< ^20max{fe+5-2fc.7-2fe}^^^^ 0 < fc < fco - I- 

Estimate of l|5.281) 9: 


(5.29) 


Since ^ = [(1 - + (1 - Sl)v^^ 

II , I IIX«,.7^^ ^^11 , I II ('I QV \^,i {^'^^)y 


^\\i^-SVu^&U^i + \\6v^ 


dyU^ 


-IU + ll(i-^«"K^IUj 


< 11(1 - lie? 11^ +11(1 - 

+ ll^^'"lli5?II^^^^^^IU? + ll^^^'llpgll ‘^^ ’" lie? 


(5.30) 
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+11(1 - y iipsii^ii^. +11(1 - sj,yiii..ii^iic! 

+e«J-iy|lpS +e»*-*ll^ll^f 

< e203-feQg|niax{fe+i-fe.3-/c}^g,^ e‘^e'^+^-'^Cj9^-^^A9j 
^^ 29 k+l-kc 03-~k^9^ + e203-fe(^.^max{fc+l-fc,3-fc}^. 

+e204-fe(^^.^max{fe-fc,3-fc}Ag|^. 9^+^-^Cj9]-~^A9j 

< Qe20““{'=+5-2fe.7-2fc}^^^^ 0 < fc < fco - 1. 


Lemma 5.7. Assume the conditions are the same with the conditions 
orfim lKTT] and the estimates E3 hold for n = 1,2, ■ ■ ■ ,j — 1, then 


0 < t < to, 

ll/l|lol* < Coe»"“l‘“‘'’"'‘*A9j, 0 < t < to- 

Proof. Estimate of (|5.ifl|l i : 

Since ^ = {Se„ - Se,)^+ [^, Sso - Sg,]^ - Sg,^ - [^ 
we have 

llafjjlUj ^ IK-Seo - S'ei)g^|Ut + IIS's! 

< C'oe6»*-'=A6»i • + Coe^{l + 9^^-'^A9i ■ 6i^+2-'=o) 

where e < 9l~^A9i by adjusting the constants, kg > k + 2. 

By Lemma 15.51 and Lemma 15.61 we have 

ll^lUj < 0 < fc < fco - 1. 


□ 

in The- 

(5.31) 

,SeJe°, 


(5.32) 


(5.33) 
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For j > 2, 

em)-Se. e,_i + (S« -S.,-)/“ 


dyU^ 


i-2 


dyU^ 

= S ('S'e^-i ~ + X] [g^TIF'’ ~ + Sg^ 

m =0 m =0 


(5.34) 


+ [Q^,Sg._^ - 30.]!°-. 


When A: + 1 < /c < fco, 

lis.,g$ll.4f < s 9F*&«j(3IIStHUj«) St“9*-‘Aej. 

When 0 < i < i, l|S«,|iHl^. < llgsil.4j < 

<C ^2 ^^^max{/i;+4—2fc,6—2fc} <;^ fc} . |~‘^^5—fc^min{2fc—fc—4,2fc — 6 } j 

^ ^ 20 max{fc-fe. 3 -fc}^gl ^fe-5 > 3 , 2 min{ 2 fc-fe- 4 , 2 fc- 6 } g| . ^ 

Then for 0 < k < ko, 


i -2 


llafF^IUj< E USg,_,-S9,)^\U^^+\\So^^\U. + KS0^_,-S0^)^^^ 

m—0 

m =0 ^ 


0 II dyU^ ll^"0 


< 6 »;"'=A 0 j 


+ e^0 


max{A;—A;,3—fe} 


A 6 », 


^fe+l —feo ^ ^2^Aiax{feo+4—2fc,7—2fc}^^ 

- m=0 

+ 0 )-'=°A 0 ,Coe 

< ^^+l-^o^^®'^i^o+5-2fc+(5e,0} ^2^max{fc-fc,3-fc}^^ 

J ^3 1 (? 1 J ^3 ^ 

^ ^ /iinaxlfc—fc,3—fc} A /) 

^ Gj-et^j At/j, 

where due to ko > k + 2. 

Estimate of (|5.31|) 9: 


(5.35) 


ll/'ll.4. = \\t&("-A)-^IU; 


< 


'^e 

dy uj 


dyU^ 


dyui 


O-'IU-IIAjIUs + II(A;^)-‘IU;I1 Allt 




(5.36) 


□ 


Lemma 5.8, Assume the conditions are the same with the conditions in The¬ 
orem o and the estimates (El hold for n = 1,2, ■ ■ ■ ,j — 1, then 


W -V^Wa': < rjeO 


max{fc+2 —fc+(5e ,0} 


0 < A: < 2fco - 1, 


- V^)\y=o\\Ak S Ujeu^ 


< c:'.g 5 »“a’^{'=+ 2 -fe+- 5 o.o}^ 0 < A: < 2A:o - 1, 


(5.37) 
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Il^^ llcf < Cj + 0 < fc < 2fco - 2, 

||a';,?7-'|j,=o||ioo < Cj + Qe0“"-{'=+3-'=+^-^.o}^ 0 < A: < 2fco - 2. 


dyy{ui,—u‘) dy(ui,—u‘) (“fl . “ 1* “ ) fl ..B 

Proof. Estimate of dOZDi: since -- = dy{ . )+ , 


(“A--"'') 

I dyU^ 

dy{ul,-u‘ 


lU 


< 


d'uU^ 


^fc+1 + 


dyyu‘n ..dyiul-u^) ndyyu‘n II 3aK,.-“'’) 


dvU‘ 


■lb II 


Ib + ll^lb 


dyU^ 


■|ll>J 


dy(ul —u^) 


dyU^ 


■IUi + c'sll- 


dyU^ 


< 


I dyiul.-u”) I 

I af^‘ I 


^ /-'f /imax{fc+2—fc+(5e,0} 

fc+i ^ 7 


then 


dyy(ui —u^) 

-II a~p- lUjIK's;;;!^) Ik” + 


dyyiui —lA®) 

I ajk IU.° 


^ (27 _l_ ^ ^^max{fc+l —/c+5e,0} 

^ fc+5e,0} 


'Lia - 


(5.38) 


(5.39) 


Estimate of (|5.37p 7: 


^yyi^P-u”) 


dyU^ 


Se(dyyU°+ J2 dyySu^) 

0<m<j — 1 


y=o 


dyU‘^ 


y=o 


I dvy(ul -u”) 


When Q <k < fc—3, ||--|y=obfc k CjC. When k — 2 <k< 2fco —1, 


|3aa(“e,- , || ^ ^(fc+2-fe) + 

I 5315 I!/=0 |Ia'“ - 


dyyU°+ Y1 dyySu^ 


dyU^ 


ytJ-^([0,T]xRx[0.6»-^]) 


c;;^ Qk+2 — k 


^ 0k+2—k 


dy-u + 'Yl dy5u^ dyU^-\- Y dySu^ 


dyU^ 


dyU^^ Y dy5u^ 

0<m<j-l 


dyU^ 


r 1 + 

Ak-1 3 


dyU^ 


fc+2-fc 


^J-2([0,T]xR^) 


dyU^-\- Y dySu^ 

0<m<j-l 


dyU^ 


a: 


< 


0b^-'=(i + ii^iu_o 




dyU^-\- Y dy6u^ 

0<m<j-l 


dyU^ 


^J-^([0,T]xR2 ) 


< 0^+'^-'^{Coe + eO^o) < Qg0“’'’'^fc+2-fc+5a.o}^ 


(5.40) 


then 
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II dyu(ui . —U^) M 

'■^ 1^=0 ~ ^■^ly=o||A'“ = II ly=o||^fc 


< 


dyu^ l!/=o|U''II''a. 


^-11 


+ l|-a^l.^o|LJ|{54)-| 


A'" 


Estimate of (I5.37|) q: 

\W\h ^ ll^llc,^ll(^)-^lloo + &,oo„v 0^ 


dyui 

'’i-i-ilE 


C'^ 


^ Cj + ll(^)-'IUr^ < Cj + 

Estimate of (|5.37|) /i: 
ly=o|Lcc 

11 ^ 0 • II 

~ ^3 II dyU^ ly = o||^fe + 2 ^ Cj + II |y = 0||^fe + 2 


(5.41) 

(5.42) 


't:coV^\y=o\\r.^ < ll%l)^IU“lll^ 


I dyUi 




dyUi 


)-^I|oo + |^|oo||5*^.(^)-i||l= 

dy{ul-u^) 


^ ^ ^^max{fc+3—fc+i5e,0} 


(5.43) 

□ 


Lemma 5.9. Assume the conditions are the same with the conditions in The- 
orem [57l1 and the estimates (1^ hold for n = 1, 2, • • • ,j — 1, then 


IIC^'IU'- < 0<k<2ko-2. 


(5.44) 


Proof. In order to prove (15.441) . we need to prove the following estimates: 


I (.dt-dyy)dyU\ 


^11 < ^ g^max{fc+3—fe+(5e,0} 




y-l . dxyul 


3 II < r< flrnax{fe+2 —fe+(5e,0} 

Ak ^ ) 


I dyUQ . II ^ 3 j 

^vl^dyyul, ^ ^ ^max{fc+3-fc+i5s,0} 

I dyul_ lUj -- 


(5.45) 


Estimate of H5.45|) i : since {dt — dyy)dyU^ = 0, when Q <k < 2ko — 2, 

II idt—dyy)dyU^0^ || || {Ot — dyy) (Oy ^ — dy U ) || 

'Wa’s ^ II 


dyU^ 


dyU^ 


I A.^ 


< 


IP, 


dyUQ dyU dyUi OyU 


< 


^ dyU^ 

dyU^Q ,—dyU^ II 

dyU^ lUj 


dyU^ 11^^ ~ II dy 

II ^yy'^0 • ~^yy'^ n 


II „ ^yy'9'e. dyy'9' ^yy'^e- ^yy^ m 

\ry ll^j 


dyU^ 


U' 


k + 1 CjCO 


imax{fc+3—fc+(50,0} 
3^^ 3 ’ 


(5.46) 


then 


{dt dyy)dyU^Q 


lU' 


{dt—dyy)dyU]. Oy ul ■, dyU^ -a (dt—dyy)dyUi 

^ II ^ ikiK^r^iu- + iK^r^iUti r ;;:/°- ik° 


(5.47) 
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fc+5e ,0} ^ ,0} ^ ^^max{fc+3—fc+5e,0} 

r\y 3 j ^3 ^ 3 

Estimate of (I5.45 II t: 


11 1 

1 ||5xy('U'e^ ^ ^ 11 11^:1 '“' )| 

1 

1 

II dyU^ 1 

\Ai II dyu‘ llAf 11 - dyU‘ 1 

\A'l II dyU^ II 


Ak + l 


^ ^ /imax{fc+2—fc+(50,0} 
~ Ojec^ , 


and 


(5.48) 


II II.4J 

^ ||<IU-||^^IUJ + \K - ^^WaZ-^Wl- + 

^ ^ ^max{fe+2—fc+(5e,0} 

then 


(5.49) 


\A’l 


< 


dyU^ 


dvU‘ 


'-)- 


dvU^ 


dyui 


^ ^fc+(5e,0} _|_ ^ ^^max{fc+l —fc+(50,O} 

rv^ 3 j ^3 

^ (27 


Estimate of l|5.45|) -^: 

.. 'vi.dy 


(5.50) 


dy Un 


-lUj < ll<IU~ll^-^ll^^ + IK III,-! 11^^'lie? + IK III,? lie? 


^ + Cje{Cj + Q£0“-^’^{'=+3-fc+-5».o}^ 


^ ^ /imax{fc+3 —fc+(50,O} 


(5.51) 

□ 


Lemma 5.10. Assume the conditions are the same with the conditions in The- 
orem 15.1] and the estimates (15.8p hold for n = 1, 2, • • • ,j — 1, then 


II^MCf IIl“ < Cj + Q£0“-‘=-ffc+3-'=+-5o.o}^ 0 < fc < 2/co - 2, 


Ki\U<Cje0 


max{fe+3—fe+<5e ,0} 


(5.52) 


0 < fc < 2fco - 2. 
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Proof. Estimate of (|5.52p i : since r]^ — (jl^Y^ 


Q/c I 


t,x 

ki 


< E \\dtl^i^)-%=0 


0</ci </c 


y y 

"at I'^lv ^-l1 


i.xT \y=0\\L 


+ E FE[l^(l^^)'1ly=0||L~||??^|y=0||ioo ||0't-r7"|„=0||ioo 
0<fci<fe “ “ 


(5.53) 


In order to prove (15.521) 9. we need to prove the following estimates: 
\W^ - lU^ ^ c^^Q^.^{k+3-k+So,0}^ 

IU>- < 


\w 


. dyx'^Q 


lu*" < 


(5.54) 




'3^^j 


dytiui.—U^) dyiui.—U^) dyiu^f. ,—U^) Pi ,,S 

Estimate of (I5.54|) i : since - g^ - = dt( - - -'' -'- - -—— 


dyU^ 


dyU^ 


-) + 


dyU^ dyU^ ’ 


^ + IIIIteller 


< 


dy^ul -u‘) 


dyU 




dytiui —u^) dytiui —u^) dyui 

' ’ -iu^< r Ei. iu^ii(^)-^ik9 


dy ui 


ayt{ul,-u‘) 


dy ui 


+11 "a."- l a-ll(ii;^)-’lli. < 

(5.55) 


then 

\W 




\\ai= 


^yu.g. 

,,3 


• ^vt(ui —u^) 7 ,® • dyui . .dytiui —u^) 

<\\w-n^) g':, lu^ + iife(^^-^^)(^)-^iu^ +11^^ gp lu 


dyt{ui —U^) dytiui —u^) 

^ ll^^-^^IU?rJI 3^ iu>= + ll^^-^^IU^II l E IIL 


dyUi 


t,x 


fc ~ ig Q 

+ E |ah^l».oL(ll-f’ -a’llL^JI(ii^)-‘ll.4. 

A;i=0 


dyUi . . dytiui —u^) 

+11+' -f)'ll.4*IKi^)-‘llif.) + l|iFll5-.ll •/;, lu. 


+lia.VIU^.Ii "fl. “ IU° S Cjte"”-'**'’-**'’’'"'. 


(5.56) 
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Estimate „t CHI,: since 


dyU^ ’ 


9yyt{uQ ^ ) II ^ ..^yyi'^Gi ^ ) II n^yy('^e^ ^ ) 

I- g±s -lU*" < II- 9±s -|U'=+i + II-- 


lU,^ E 

fci=0 


< 


, dyy{ul -U”) 


dyU 




^ ) II ^ II ^J^yt ) n \t /^y'^9-1 \ — l\ 


-IU^<II- 
+11 


dyU^ 


lU-^IK^r'IUo 


dyyt{ul_ u‘) x_i|| ^ ^ ^^max{fe+3-fe+<5e,0} 


dyU^ 


-\\L-\\{i:^)-^\\A^<c,ee- 


(5.57) 


_ dyxui dyui dy(ui —U^) 

Estimate of (|5.54p ^: since g / = 5a;(-g—f) = dy :{——), 


Oj II ^ II ^y^^Oj ^ ' II ^max{fe+2—fc+(5e,0} 

^lU^^-ll—STb-IU'=+1 + C'jefc',- 


dyU^ 11^ ~ II dyU^ II A + rs-i ^3^ j 

i.^ui <||f^^|| lu^^N-iii iiiEEkii iii'EEi^-iii . 

m*: rac II g u‘ 11^4*= IK g u‘ ) ll^°° + II dyU^ 11^“ IK g ) Ha'' 


dyW 


^ ^ /imax{fe+2 —fe+5e,0} 

\\v"^4^\\a^ < II^IU^ + IK -+ \W - 


+ii-^^iUo(iiK'?^iii“iiKii^“ + iiK^iii“ii^^iU”) 

(5.58) 


^ ^ /imax{fc+3—fc+(5e ,0} 


xa i- J- r A r ra h • dyyxU^ dyyU^ dyy {u^ u'’) 

Estimate of (|5.54 () a: since -g-rr^ = ax( g „s ) = Ox(-g-+-), 


dyyx^Q 

I 

. dyyx Uq 


lU*^ < ll ""' IU^+1 < 


. dyyx a 


B 11^ 

■IU'^^IIK^IU^II(^)-'IU“ + II 


dyyx ‘^Q 


, dyUi 




dyU^ 


Ak 


^ ^ ^max{fe+3 —fe+5e,0} 


dyyxUQ, ^ ^ ^^max{/c+3-fc+(50,O} 


9i ^ ..3 

3 OyUQ 


(5.59) 

□ 

Lemma 5.11. Assume the conditions are the same with the conditions in The- 
orem 15.1] and the estimates (15.8p hold for n = 1, 2, • • • ,j — 1, then 


K < Q + 0 < fc < 2fco - 2. 

Proof. By the estimates in (15.8E we have 

K ^ 11'“^ “'“*IU*^ + ll'9a;W-l'IUj + Ik^llcj + ll^eJI-Dj ■ 




(5.60) 


(5.61) 
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+ \W + IlC^'lUt + -“*)ly=o|L'^ + ll^^“lly=o||^. 


E |5rw1y=o|oo + ||(?7^'- V)ly=o||^fc + E ||^rx^^l!/=o||ioo 


m—0 

k 


m—Q 


+ E ||^M:^ily=o|L“ + ||C2ly=o||^fc ^ C'i + 

m—0 


imax{fe+3—fe+^e ,0} 


Thus, when fc < fc — 4, Al is bounded, fc > 7, then Ag is bounded. 


□ 


Since estimate of A^ is obtained, we have the following lemma: 


Lemma 5.12. Assume the conditions are the same with the conditions in The¬ 
orem o and the estimates hold for n = 1,2, ■ ■ ■ , j — 1, then 


\w-' 


\A’l 


ly=o|U. S 


< 0 < fc < fcn. 


(5.62) 


Proof. By Theorem 13.31 we get 

Ik^lUj + < Ciiipiu. +C2Aiiip|U3 

< + Cjee^f '^AOjiCj + c'^.g5)“ax{fc+3-fc+5,.o}^ 

< A0j + Cje0^-'^A0j + c7^.g5)“'^^{fc+6-2fe+-5e.3-fc}^^^ 

^ /imax{fc—fc,3—fc} A f, 

^ Gjec^^- ^^3^ 

(5.63) 

where k > 7. □ 


5.2 Convergence of the Nash-Moser-Hormander Iteration 

In this subsection, we prove the convergence of the Nash-Moser-Hdrmander 
Iteration, which implies the existence of classical solutions to the Prandtl system 
(H^. The existence theorem is stated as follows: 

Theorem 5.13. Assume for any 0 < 5p < P < +oo, the conditions are the 
same with the conditions in Theorem \7> .1\ and e is suitably small, then there exists 
T G (0, +oo) such that the Prandtl system (11.51) admits a classical solution {u, v) 
satisfying the monotonicity conditions HH) and 

u-u^ GAf{[0,T]xM.l), gylfc([o,r] xRE> 

V e V^-\[0,T] X Rl), dyV, dyyV G A'^-^[0, T] X R^), 

(5.64) 

d^uly^o - dlu%=o e Al'=-["^^1([0,T] X R), 0 < j < 2k, 

dl+^v\y=o e ^'=-^-[^l([0, T] X R), 0<j<2k- 2. 


56 







where k < k — 2. 

As l3 ^ + 00 , {u,v) satisfy H5.64|l uniformly. When (3 = +oo, (|5.64D holds. 


Proof. By (15.711 and (I5.9I1 . there exist two positive constants C 5 , ce which depend 

, dyUO+ dySu" 

< Cee. 


on T, such that 


y ' dyySu 

<C5e, II- 


dyU^ 


dyU^ IIL 

There exist two constant cy,cs, such that C 7 > C 5 , cg > ce and 


dyU^ 


dyU^ 


< C7e, 


i r"».V"'’ IL- < (1 + g(l[^iicg))iig|ii..|| ""yj'‘'* L- S 

For V(5 G (0, 5s): there is T G (0, 00 ) such that ^ > e, ^.^(^C:,+ 5 )+cs+c-rS ^ £■ 
Then for any y > 0, n > 0, t G [0,T], l + > 1 -C 7 e > ^ > 0. 


> 0 is due to Ugjy^o = ^dyUgJy=o > 0 and dyUg^ > 0 . 


— f) 7/^ 

/3 ^e-n 

rdyUer,.\-l[Ky I 


Since = + 

|f?”|oo < (1 - C7e)“i(^ + Cse) < 2(^ + Cse) < + 00 , 
uniformly for any n > 0, then we let Cy = max{|? 7 "|oo}- 

n>0 

When /3 > + (5, /3 — 77 " > ^ > 0. When (3 < Cy + 5, 

jdy{Us^—U ) dyy{Uy^—U ) 


(5.65) 


p-r = C-^)-^ 


(/3-^)+/ 


dyU^ 

> (1 + cy€)~^{5s — {Cy + 5)076 — cge) > 5 > 0. 


(5.66) 


Thus, the monotonicity conditions (15.311 for the Nash-Moser-Hdrmander itera¬ 
tion are satisfied in the time interval [0,T]. 

The approximate solution is constructed as 


n+l _ ,,s I -0 


U ' = U + U 




j=0 


.yU+l ^ .yO 


E 


(5.67) 


j=0 


then u"+^|y=o = w^ly^o + u°|y=o + E ^'“•5|y=o- 


7=0 


+ 00 


When k < k — 2, we have E 

j=o 


iinax{fc—fc,3—fc} 


A 6 (i < C, then for Vn > 1, 


|w" - wllx ^ l|w°IUj + E II^U^'IU^ < C: 


3=0 


ll^-^£^l| < IllSlUj + E lllS^IU,^ < 


3=0 


||5“u"|y=0 - 

00 

< ||9™u°|y=o|| + E \\dlf'5u^\v= 

^ 3=0 


'ymu-'iy^ow k-[33i^] < C- 
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When fc < fc - 3, ||'y"||x,fc < ||'y°||i5fc + E |||^^’■’Ilx.j < C. 

j=o 

By estimating the sums of remainder terms, it is easy to check that {u"—rt®} 
and are Cauchy sequences in {u"} is a Cauchy sequence in 

{d^u^ly^o — 9™u®|y=o} is a Cauchy sequence in 

Due to the completeness of functional spaces A^, and 2 ?q, there exist 
u, V such that 


lim = u G 


k-2 


lim 


dy{u^ — u‘‘) dy{u—u‘‘) g 


dyU^ 


dyU^ 


■£ 7 


lim = V G V', 


,fc-3 
0 > 


(5.68) 


lim e 


The approximate solution satisfies 

n — 1 


p(„n+l 

,w"+^) = e„ 

+ (1- 

Se^){Y ei 

+ /“) 




3=0 


+ dyv^+^ = 

0, 



{dyU^+^ 

^-Pu^+^)\y 

=0 = 0, 

v^+\=o 

= 0, 

w"+^|t= 

0 = uo{x,y). 





(5.69) 


+ 00 


+00 


2 ^niax{fe+ 6 —2fc,7—2fe} 
3 


A9j < +00, 


When k < k — I, l|eill^'=+i < 

j=0 ^ 3=0 

||/“IUfc+i < ll/“IUjo < Coe, then as n ^ +oo, 

n—1 oo 

11(1 - Se){ ej + /“)IUfc < ^n^(ll/“IUj+i + Y l|eill^*^+i) 0. 

3=0 ‘ 3=0 ‘ 

Thus, lim ||P(u",'u")|| =_i = ||P(m,u)|| =_i = 0, then the limits u,v satisfy 

n—¥oo 

V(u,v) = 0 pointwisely. 

Due to the uniform convergence of the variables and their derivatives, the 
limits u and v satisfy Ux + Vy = 0, (dyU — /3u)|y=o = 0, u|y=o = 0. For any 
n > 0, = Wo, then u|t=o = wg + ug = uo- Thus, (w, u) is a 

classical solution to the Prandtl system m- 

As /3 —)■ +CX5, (|5.64p holds uniformly, because the bounds of the estimates 
in (1^ . (OH and (EH) are independent of /3. Thus, (15.641) holds when /3 = +oo. 

The estimates of Vy,Vyy, d^~^^v\y^o, 0 < j < 2fc — 2 come from Ux + Vy = 0. 

Finally, we verify that u satisfies the monotonicity conditions dni) in [0,r]. 


dyU 


dyU 0 + dySu^ 


= 1 +--> 1 - CSC > 1 - ere > ^ > 0. 

M > 0 is due to u|y=o = ^9yu\y^o > 0 and dyU > 0. 
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When P > Cr^ + 5, (3 — > <5 > 0. When j3 < Cr^ + 6, 



>(1 + C5e) - ((C^ + (5))c5e - cee) 

> (1 + C7e)~^{Ss - {{C^ + S))c7e - cse) > S. 


Thus, Theorem 15.131 is proved. 


□ 


Let ko = k+2, the Prandtl system (dll) loses fc+9 orders of regularity. If the 
monotonicity conditions H1.9I) are violated at t = T, the monotonicity conditions 
(15.31) for the Nash-Moser-Hdrmander iteration must have been violated at t <T 
and for some n, thus classical solutions to (HU can not be extended beyond T. 

5.3 The Derivatives on the Boundary 

In this subsection, we study the behavior of the derivatives on the boundary 
as /I —>■ + 00 , and discuss the regularity of the derivatives on the boundary. 

Lemma 5.14. Assume the conditions are the same with the conditions in The¬ 
orem EU then 



0 < k < ko, 


(5.70) 


0 < k < ko- 


Proof. Assume the estimates (15.701) hold for n = 0,2, • • • ,7 — 1, then we prove 
(IKTTnH hold for n = j. 


Estimate of ()5.70|l i : since Su^\y=o = is_yj \y=ow^\y=o^ 




< +00 for 0 < 5/3 < /3 < + 00 . 


(||9yUg^|y = 0 9yU | I/ = 0 | | T | | I = 0 l l L 


{\\v^\y =0 - ?7^'|y=o|Lfc + \\d!f^^V^\y=o\\^^ 


A9j{Cs+Cjee. 


+ C,+C,e9; 


^max.{k-\-l — k-\-So ,0} ^ 
^max{fe+3—A:+(5e ,0} 


(5.71) 
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Estimate of (15.701) 9: since d^^^{dy6u^ — l36u^)\y=o = 0, 

^\\dySu^\y=oL. = V^\\5u^\v=o\\^. < 0 < fc < fco- 

□ 

Based on the estimates (15.701) . we have the following results: 

Lemma 5.15. For 0 < k < k — 2, as (3 ^ +oo, 

dlu^\y=0 = O{^), dldyU^\y=o = 0{l), 0 <j<k, 

II 

ll'^ly^o ~ |y^o||^fe = ||*^y^ly^o ~ dyU |y^o||^fc = 


Proof. When 0 < k < k — 2, 

oo 

y/P\\u\y^o - u^\v=o\\jik < -f^P\\u°\v=o\\^k + I^^y/Ppu^y=o\\^k 

< 1 ||a^fiO| II + g ^^^^max{fc-^.3-fc} < 

y/Sp" 

and 

OO 

■^||9yU|y = 0 — 9yU'*|y = o||^fc < | | | y = 0 | | ^ | | I ^ = 0 | | A'' 

j=o 

< ^\\dyuX=oL, ^ g ^ 

Obviously, M|y=o = 0{-^) —>■ 0, pointwisely, as /3 —>■ +oo. □ 

Remark 5.16. In the y direction, there is a similarity between the Prandtl 
system (HH) and the heat equation (EH); the solutions have lower regularities 
on the boundary than in the interior. 

(i) In Theorem \2.1\ for the heat equation (12.11) . the initial data Uq satisfies 
Iko - M\l^ + hollc*^ < C, then 

t OO 

\\u^-nh+ E J J <y>^^\d^^d^^+^u%=o\ dydi 

o<fei+[-^^]<fe° ° 

+ E I\diu^\y=o\^ di+ E / \d^tdyU^\y=o\^ di < C{T), 

3 = 1 0 j=0 0 

k t . 2 ~ 

E / l^t5y'w'’|y=o| dt < j3-C{T) < +00 is due to the Robin boundary condition, 
1=0 0 

it is not satisfied when fi —>■ +oo. 

If the initial data itg satisfies ||mo — 1\\l^ + IImqIIc*’ '^hen 

t oo 

Ik'*-illi^ + E II <y>^' \d^^d^^u%=o\ dydi 

l<fci + [i2+i]<fe+i 0 0 

+ E / \diu^\y=o\^ di+ E I\dldyu‘^\y=o\^ di < C{T). 

1=1 0 1=0 0 

(a) In Theorem \l.l\ for the Prandtl system (|1.5I) . the regularities in the y- 
direction can be improved very slightly, though it can not in the t,x-directions. 
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The estimate ||9yw"||^fc < is attainable from the refined 

estimates of mixed derivatives in Section 3, then we have the extra regularities: 

dyy{U-U’’) e A’f{[0,T] X Rl), dyyyV G A\-^{[Q,T] X ) , 

d^y+^u\y=o - di'^^u%=0 e X R), 0 < j < 2fc, 

dl+‘^v\y=o G T] X R), 0 < j < 2fc - 2. 

However, in the y-direction, the solutions still have lower regularities on the 
boundary than in the interior. 


6 Uniqueness and Stability of Classical Solutions 
to the Nonlinear Prandtl Equations with Robin 
Boundary Condition 


In this section, we prove the uniqueness and stability of classical solutions 
to the Prandtl system lisi). 

Theorem 6.1. The classical solution to (H^ is unique and stable with respect 
to the initial data in the following sense: assume and (v?,v'^) be two 

classical solutions to the problem (US with the initial data Uq and Uq respec¬ 
tively, where Ug(a;,y) and u^(x,y) satisfy the conditions in Theorem. 15.11 then 
for any 0 < < ft < +oo, there is a constant ClT, e, Uq) G (0, +oo) such that 

“ ^^IU|'([0,T]xR^) + ^ IUf([0,T]xR^) 


2p 


+ ||u^ U^||pP-iQg^y]xR^) + E ||'5y^^ly=0 d^U^ly^oW 


j=0 


([o,r]xiE 


<C(T,e,ug) 


.,t=0) 


C(T,e,u‘„) 


max 

for all p < k — A, k >7. 


^y^o^)\y^o 


,t=0) 


( 6 . 1 ) 


Proof. Denote 


U = yl - u = 


V = — V^, V = 


( 6 . 2 ) 


2 ’ 


Since satisfy the monotonicity conditions m, then u satisfies m- 

Thus, (u, v) satisfies the following conditions: 


ft > 0, fty > 0, (3 — ^ > 5 > 0, Vy G [0, +oo), 

Uj;-\-Vy = 0 , 

(fty /3'u)|y —0 0: —0 0? 

lim u{t, X, y) = 1. 

^ y->-+oo 


(6.3) 


61 



















Note that in (lO) . {uy — /3u)|y=o = 0 will not be used because (13.601) does not 
need this condition. 

(m,u) satisfies the following IBVP: 

Ut + UUx + VUy + UUx + VUy — Uyy = 0, 

Ux +Vy = 0, 

< {dyU - Pu)\y=o = 0, u|^=o = 0, (6.4) 

lim u{t, X, y) = 0, 

y —>-+00 

^ u|t <0 = - Mo- 

Set w = {^)y, then w satisfies the following IBVP: 


+00 


Wt + {uw)x + {vw)y - 2(r]w)y - (c / w{t, x, y) dy)^ - Wyy = 0, 

y 

- (wy+ 27?|j^=ow + / + Cly=o f 'W(t,x,y)dy^ 


/3-T/h=0 /3-J)|y=o 

»"CI»=o 


0 


(6.5) 


■(/3-r/|y=o)^ “ 2/-0, 

^ M;|i<0 =M;o ■.= 2dy(g£;^) , 

where rj, fj, C, ( are defined as (ESI- 


When p < k — d, we use Xp{u) to denote Xp defined with respect to 
u = “ , we can calculate directly that Xp{u) < +oo by the regularities 
of and the definition of Ap, namely (13.201) . Then by 

Theorem 13.51 there exists a constant C{T, Xp{u)) > 0, such that 





( 6 . 6 ) 


Similarly, by the estimates for 

OO 

= —dyU f w(t, x, y) dy, 

" OO (6.7) 

d^u^\y=o - d^u'^\y=o = - E d^^+^u\y=o I d^^w(t,x,y)dy, 

7711 + 1712—771 0 


we get 


I|m^ - M^|Up([0,t]xR^) + I|m^ - M^||i,p-1([0,t]xR5.) 


2p 

+ EI 

3=0 


— cI^U^)L=o|| y ri+ii 


< C(r, Ap(u))||w||_4P([Q_7-]xR^), 



IU?([0,T]xR^) 


( 6 . 8 ) 


62 


















Combining (EH) and EH, we get EH, which implies the stability of 
the nonlinear Prandtl equations with Robin boundary condition. Note that 
C{T,\{u)) < C{T, e, u«) < C{T, e, ug). 


Next, we prove the uniqueness of the nonlinear Prandtl equations with 
Robin boundary condition, assume that uj = ug. 

In itj — Mg = 0 implies that dy{uQ — u§) = 0, then 


dy( f, ^*^1 = (Uq — Uq)[ , 1 Li, + dy(UQ — Mg) . 1 ^ . = 0. (6.9) 


On the boundary {y = 0}, dy{ul — Ug) = /3 (mJ — Ug) = 0, then 


^v^ayil,+u-)'>\y=o - K “o)ly=o([p^Tq^]y+/3(^^Tq^) 


= 0 . 


( 6 . 10 ) 


By ()6.9p and ()6.10l) . the right hand side of (16.11) equals zero if ug = Mg. 
Thus, Theorem 16.II is proved. □ 


Remark 6.2. Due to the estimate of ||9yM;"'||_4fc, the stability results in the y- 
direction can he improved very slightly, though those in the t,x-directions can 
not be improved. Namely, we have the stability of \\^yy{u — u^)\\J^P(^[Q^J’]xM^) ond 


2p 

E \\dl+^u\y=o - d^y+^u^\y=o 

j=0 


AP“l‘^'([0,T]xR)‘ 
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